Unilag Journal of Mathematics and Applications,
Volume 6, Issue 2 (2026), Pages 60 — 71.
ISSN: 2805 3966. URL: http://lagjma.edu.ng

ON CONVEX p-VALENT FUNCTIONS MAPPED ONTO THE
NEPHROID DOMAIN

MOJEED ADELEKE ARIKEWUYO

ABSTRACT. p-valent functions serve as natural generalizations of univalent
functions and offer a broad platform for studying geometric and functional
properties within complex analysis. While coefficient estimation is a core prob-
lem in geometric function theory (GFT), the specific bounds and functional de-
terminants for convex p-valent functions associated with the nephroid domain
remain under-explored. This research addresses this gap by investigating a new
subclass of functions characterized by subordination to a kidney-shaped region,
which is motivated by the need to extend existing univalent results to broader
p-valent classes. Using the theory of subordination and Taylor—-Maclaurin series
expansions, the methodology involves comparing the structural coefficients of
convex p-valent functions against the nephroid-type mapping P(§) = 1+£— %
The author establishes estimates for the initial coefficients |a14,| and |agypl,
and derives a generalized coefficient bound for |a,+,|. These findings are veri-
fied for consistency by reducing the results to the specific univalent case where

p=1.

1. INTRODUCTION AND PRELIMINARIES

In the convenient and effective study of complex functions, their distinctive
forms, and their applications, significant explorations have been carried out within
the field of Complex Analysis, which remains a fundamental structure in Mathe-
matics. Within this framework, the theory of analytic and multivalent functions
remains a vibrant field of research, especially in Geometric Function Theory,
GFT. p-valent functions, which are analytic in the open unit disk £ = {¢ € C :
|€] < 1} and assume each value exactly p times, serve as natural generalizations
of univalent (1-valent) functions and offer a broad platform for studying function
theoretic and geometric properties ([3],[7]).
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The subclasses of these functions that are convex in the unit disk is a profuse
one. Convexity is an important element in regularity geometry, and convex p-
valent functions have long been studied in terms of coefficient bounds, distortion
theorems, and mapping ([36],[34]). However, the estimation of initial coefficients
remains a core problem, as these coefficients encode important geometric infor-
mation about the function and its image.

The present paper proposes and discusses an interesting type of convex p-valent
functions which identify with the domains of the nephroid domains. The primary
objective is twofold: to obtain the generalization for the coefficients of functions
in this class and to verify the findings using the specific univalent case. The find-
ings presented here generalize results for convex functions in the univalent case,
extend earlier investigations into p-valent subclasses, and contribute to ongoing
research on functional determinants associated with geometrically constrained
image domains ([33],[39]).

The interaction of geometry and analysis is possibly the most fascinating aspect
of complex function theory. GFT is the branch of complex analysis that deals
with the study of geometric properties of analytic functions. These functions are
pivotal in the analysis of practical problems such as image processing and signal
processing among others. The study of these geometric properties of analytic
functions is deeply rooted in the estimation of Taylor-Maclaurin coefficients. The
foundational work of Bieberbach in 1916 [I] regarding the coefficient bounds of
univalent functions provided the initial impetus for this field. This was furthered
by Fekete and Szeg6 [5] in 1933, who introduced the functional |az — pa3|, now
a standard measure for the non-linearity of mappings. For multivalent functions,
Goodman (1946) [0] extended these foundational estimates to the p-valent class,
establishing a framework that remains central to modern research [12]-[30].

A significant area of development in recent years involves the study of functions
subordinate to specific geometric domains. While circular and crescent-shaped
regions have been extensively documented [32, [35], recent interest has shifted to-
ward domains with characteristic symmetries and cusps. The nephroid domain,
a kidney-shaped region, was first formally introduced into the context of starlike
and convex functions by Wani and Swaminathan in 2020 [37]. They established

the analytic mapping p(§) = 14+&— % as the generating function for this domain,
exploring its radius problems and structural properties.

Building upon this in [4], Fagbemiro et al. explored bi-univalent problems for
generalized classes involving ()-integral operators specifically associated with the
nephroid domain. Furthermore, the study of convex functions remains a prolific
subfield due to their regularity in geometry. Classic results by Pommerenke [34]
and Singh and Singh [36] laid the groundwork for coefficient bounds in multiva-
lent convex classes. Recent investigations have continued to refine these bounds
by applying them to symmetric and constrained domains, such as the sine func-
tion domain [2] and shell-like curves [22]. This research extends these cumulative
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efforts by specifically addressing the convex p-valent subclass within the nephroid
region, filling a notable gap in the existing literature regarding higher-order co-
efficient generalizations.

Suppose that T represent the class of all analytic p-valent functions f,(¢),
having the series notation

Fol©) =€+ ar €. (1.1)
k=1

For recent work on p-valent functions, refer to [§]-[11].

Specifically, when p = 1, we can denote the class of all Analytic Functions that
are univalent in the open disk £ = {{ € C: [¢| < 1} by S, with the functions of
the form

=&+ att (1.2)
k=2

and normalized by f(0) —1 =0 = f(0).
For two functions g, h € T, we say the function ¢ is subordinate to the function
h (written as g < h) if there exists an analytic function w with the property

w@)| <1 and w(&) =0

such that
9(&§) = h(w(§)) (£€ k)

. Let B be the class of analytic functions with positive real part, normalized by
p0) =1 with Rp(E)>0 (€€ E)

and have the following form:
_1+ch§” (E€E). (1.3)

Also, let © represent the family of convex p-valent functions such that for each
function f, € O,
£y (€)

e

=< p(§),

where p(&) € P.
It should be noted that there are numerous functions that form subclasses of I3,

including but not limited to:

e (see [32], [38]) The circular domain centered on =42 and radius 4=£ of
the form L4 A
+

e (see [35]) The crescent-shaped region of the form

—¢+/1+€

e (see [2]) The eight-shaped region of the form
p(§) =1+ siné.
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e (see [37]) The nephroid domain of the form
3

p(f):1+§—§-

Nephroid Domain

04 06 08 10 12 14 16
Real Axis

FIGURE 1. Nephroid domain generated by the mapping p(§) =
1+¢&—£ for|¢) = 1.

Figure (1] illustrates the nephroid domain obtained as the image of the unit
circle under the analytic mapping
3

p(f):1+§—§-

The boundary of the domain is traced by letting & = ¢, 0 < 6 < 27, which
produces a smooth, symmetric nephroid curve. This mapping preserves univa-
lence on the unit circle and generates a domain with characteristic cusps and
rotational symmetry, making it suitable for studying coefficient bounds of con-
vex p-valent functions subordinate to nephroid-type regions. The geometry of
the image highlights how higher-order terms influence boundary curvature and
distortion, which is central to the coefficient estimation results established in the
preceding theorems.

Although the functions above have been used widely in literature, this work
focuses on estimation of the coefficients of convex p-valent functions mapped on
the nephroid kind.
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Let N be the class of analytic p-valent functions f, of the form (1.1} associated
with the nephroid domain and f, < P(§), with P(§) given by
63
P =14+¢&—- 5 (1.4)
denoting the nephroid domain.

Definition 1:
Let Cy be the class of convex p-valent functions associated with the nephroid
domain, satisfying the geometric condition:

CLOF pe) (15)

pfi(§)

The following lemmas are essential to prove our results.

Lemma 1.1. ([34]): Let p € P. Then, the following inequalities hold

lek|l <2 for k>1, (1.6)
|Cnik — penck] <2 for 0<p <1, (1.7)
lemer — cper| <4 for m+k=k+1, (1.8)
|Chyor — percr] < 2(1+2u)  for peR, (1.9)
al oy lal (1.10)
217 2
Lemma 1.2. ([31]): Let p € B, then for complex number n, we have
lco — nef| < 2max{1,|2n — 1|} (1.11)

2. MAIN RESULTS
Theorem 2.1. Let f, € Cy and of the form[1.1. Then

a <

2
P
a < ——max{l, p}.

Proof. Since f, € Cy, then

GAGI

pf}(&)
where P(€) is given by [1.4]
There exists an analytic function w(€) = b€ + €2 + b3€3 + ... with the property
w(@)| <1 and w(§) =0, for§€FE
such that
1+ w(é)

_T:;Q5:1+q§+@§+w£@+m (2.1)

p(§)
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Making w(§) subject of formula in gives

p(§) 2 3
= = 1€ + bo&” + bs&° +
W(g) p(6) + 1 1§ 2§ 3§
where
b= Sexs by — 1(2—)b 1(4 — dejey + 6
1—201, 2 = 1 Co —C 3 = 3 C3 C1C2 T €

and so on. Now,

Pl(e) = 1+ w(e) — L8

Some basic computations break this function into series form as

3
P(w(&)) =1+ b€ + b&® + (bs—%)§3+... (2.2)
Also, for f, € Cy and of the form [L.1] it is easy to see that
S L
pf;,(g) p +p p +p p +p
3
+ lz [3(3 +p)assp — 3 +p)(2 +p)a1+pa2+p + M(aup)g} €
p p p (2.3)

Comparing the coefficients from [2.2] and 2.3 we have that

2
ap

Alyp = ——;
P 0(1 4 p)

ey = (e L et
P42+ p) 2 ’

Let .
n= 5(1 —p)
. Then, using Lemmas [I.1] and [I.2, the required results are obtained. O

Theorem 2.2. Let f, € Cy and of the form[1.1. Then forn =2,3,4,...,

|@np|* < m {((9194 +9(p—n+1)(p+n—1)|apm|

+ Z — 9K2)(k + p)?]|ansy|?

Proof. Since f, € Cy, then
(E£(&)) GAGN e
oo PO g S

3
It follows that there exists an analytic function w with the property

W@l <1 and w(§) =0
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such that
(L) g (&£ )
AG) 35 pfi©)

From the process of cross multiplication and combination of like terms, we have

3((£,(€)) = () = 3w(&)pf () — (W) p (&) (2.4)
Of course, from

(w(§))®
3

<1+&—

=1+w(§) -

Fol€) = €+ 3 arap™? = £1(6) = p + 3 (k + plags £
k=1

k=1

= pfy(&) =&+ plk+ plag, ¢ and
k=1

E5(€) =P + > (k + p)ars &P

k=1

= (&) =2+ ) (k+p) ap ¢

k=1
Now 2.4] becomes

> 3k(k + p)a P = 3w [P + > plk + plar €]
=1 k=1

— (W(6)’[p*e" + ip(k + p)aripE 7]

k=1
Splitting the summands, we then have that
n 00 n—1
D 3k(k +p)ar &+ Y Bk(k + par TP = 3(w(€)) PP + Y plk + p)ar T
k=1 k=n+1 k=1

+ 3 plk + p)ar, 7] — (w() e

k=n

+Zp (k + p)ars "7 + Z (k + p)arsp" "]

k=n—1
(2.5)
Let
D b = Y Bk(k + p)ar, T = 3(w(€) D plk + p)aps
k=n+1 k=n+1 k=n

[e.e]

+(w(©))* Y plk+ p)ag

k=n—1
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From [2.5], it follows that

n

S8k + D)ar T+ S b€ = (3w(€) — (W(©) e

k=1 k=n-+1
+3p(p +n — Dw(&)apip &

3

ST BwE) — (@) p(k + plass
k=1

So,

n

Z 3k(k + p)ak "7 + Z b€ 7

k=1 k=n+1

2

(3w(8) — (w(&))*)pe”

Since |w(§)] < 1, set

3k(k+plagy, if1<k<n
dk+p = .
bitp itk>n+1,

then 2.6] becomes

2

< 3p2§p +3p(p+n— l)ap+n_1§p+”_1

o
Z k+p
dk:-i—pg
k=1

S
V]

+ ) [B—(w(©)’lp(k + pagp"t?

2

B
Il

Using 5- fo% | 500 i (re®) P12 d0 = 3700 | |y p|*r? P (see [7]) and then in-
tegrating on & = re where €| =1, 0 <r <1, and 0 < 0 < 27, we then
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have

o0 1 27
D i Pr2*HP) < —/
— 21 J,

+ 2B — (w(re™))|p(k + p)ar,(re”) "

3p2(re®)’ + 3p(p +n — 1)ayn1(re?)Pt!

[\

2
do

3

T

2

1 4 ,
< 2— [<3p27,p€zp9 + 3]?(]? In— 1)ap+n717,.p+n71€7,(p+n—1)9
T Jo

3
w

# Y8 (e Plplh + plawyr 77 )

B
Il
—

<3p27,p zp9+3p<p+n_ 1)ap+n 1Tp+n 1efz(p+n 1)0

l\D

n—

+3 3 = (w(re)Hp(l 4 p)ag, prPe ) )] do

=1

Since the integral of product with k # [ gives 0, it follows that

Z\Bk (k + p)agsy)2r2E+P 4 Z |bpp | 27257 < (3p%P)2 + 13p(p + 1 — 1) P|apppy [*r2@Hn—D)
k=n-+1

+Z|3— O Plpk + p)axs, *r+
By triangle inequality, since |w(§)| < 1, we have

Z 13K (k + p)agp[r* ) + Z g |22 ETP) < 9 4 9p2 (p + 1 — 1)2[app |22
k=n+1
n—2

£ 30 92+ ) 20
k=1

which then reduces to

9 Z K2 (k + p)?|apsy P r2* ) < 9p*r® + 9p%(p + 1 — 1)%|apyp_q | 2@
k=1
n—2

+ ) 9 (k + p)?[apsp >
k=1
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Setting » — 1 and then unifying the sums give

n—2
9% (n + p)?|anspl” +9(n = 1*(p+n = 1?apyn [ + 9D K (k +p)*lag,[’r’**P
k=1
n—2
< '+ 9% (p+ 1 — 1)?|appna [P+ Y 997 (k + p)|arsy |’
k=1
From here, the required result is easily obtained. O

It will be interesting to note that for a specific value of p, the following corollary
can be deduced.

Corollary 2.3. Let f be a convex univalent function (i.e. p = 1) and of the form

(1.9). Then forn=2,3,4,...,

n—2

((9 = 9n*|an]” + > [(9 = 9K (k + 1)*)|ag
k=1

2t
[an 1] < In?(n+1)2 [

3. CONCLUSION

In this study, precise estimates for the initial Taylor—-Maclaurin coefficients
|a1+,| and |agy,| for the class of convex p-valent functions subordinate to the
nephroid domain were established. Furthermore, a generalized coefficient bound
for |an+p| was derived, providing a comprehensive characterization of the func-
tion’s structural properties and growth.

These findings have practical applications in the broader field of complex anal-
ysis, as the estimated coefficients encode vital geometric information regarding
the curvature and distortion of the function’s image. Additionally, the estab-
lished bounds and functional determinants are instrumental for calculating image
enhancement problems and evaluating the behavior of linear operators within ge-
ometrically constrained domains.
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