
 

 
Unilag Journal of Mathematics and Applications,  

Volume 6, Issue 2 (2026), Pages 20--30. 

ISSN: 2805 3966. URL: http://lagjma.edu.ng 

 

 

2010 Mathematics Subject Classification. Primary: 22E30. Secondary: 58J05. 

Keywords and phrases. Skewed-Seasonal Model (SSM); Autoregressive Model; Durbin Watson; 

Autocorrelation function (ACF); Partial Autocorrelation function (PACF) 

©2026 Department of Mathematics, University of Lagos. 

Submitted: January 20, 2026. Revised: February 14, 2026. Accepted: February 20, 2026. 

*Correspondence  
20 

 

A NEW APPROACH FOR MODELLING SKEWED-SEASONAL TIME SERIES 

DATASETS 

 
OLUKUNMI OLATUNJI AKANNI*, TIMOTHY OLABISI OLATAYO AND ABASS ISHOLA TAIWO 

 
ABSTRACT. New models applicable to skewed distributions have been developed 

since the transformation changes the structure of the original series. These models fail 

when applied to datasets that exhibit seasonality and skewness, as accurately modeling 

the data structure aids in forecasting and planning. The study proposed the Skewed-

Seasonal Model (SSM) for the simulated data. The results showed that the proposed 

Skewed-Seasonal Model (SSM) accounted for the variability in the series better than 

the AR model. The Skewed-Seasonal Model (SSM) approach exhibited better goodness 

of fit, in addition to higher forecasting ability than the AR model. The forecast 

evaluation metrics indicated that the forecast evaluation of the Skewed-Seasonal Model 

(SSM) had lower values, making the proposed Skewed-Seasonal Model (SSM) more 

effective than the standard Autoregressive model in capturing and predicting the 

behavior of skewed-seasonal time series. 

 

 

1. INTRODUCTION 

Policymakers widely use time series analysis results as they aid in forecasting and decision-making 

[1,2]. High-dimensional data is still a rapidly developing field, particularly in the case of dependent 

data. Different models have been developed for time series data, but they are limited in application 

when the datasets possess certain characteristics [3,4,5]. Choudhury and Jones [6] examined 

several forecasting methods for assessing agricultural output estimates in Ghana to offer practical 

data for economic decision-making. They discovered that the ARMA model was superior to the 

other models and more robust (unaffected by cycle duration). 

Fernandes and Salas [7] studied the gamma autoregressive (GAR(1)) model, which was one of the 

models that included the assumption that the underlying series had a gamma marginal distribution. 

Since the estimated parameters, obtained by means of the Method of Moments (MOM), are biased, 

some kind of correction was proposed before using them for parameter estimation. The authors 

suggested a technique for correcting the bias in the estimates of the model's parameters based on 

computer simulation studies. Adedotun et al. [8] proposed a model that can handle non-Gaussian 
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time series. The results indicated that NGAR(2) yielded a more accurate forecast. In the study on 

the Nigerian monthly exchange rate, the Non-Gaussian Autoregressive (NGAR) model clearly 

shows a very good alternative for analyzing non-normal time series data and, in particular, 

provides an efficient method of parameter estimation [9]. In a study on high-frequency data, 

Olatayo and Ekerikevwe [10] found that log-ARIMAX is more effective and outperforms the 

conventional ARIMAX model for observations that have heavy-tailed characteristics and outliers. 

Ribeiro et al. [11] proposed a bivariate generalized autoregressive (BGAR) model for non-normal 

data; the study showed that the new BGAR is more efficient than the competing models. 

Harmonic analysis has been tried and tested in a number of geoscientific applications [12, 13, 14, 

15] to estimate seasonal limits. In meteorology and climatology, harmonic analysis has also been 

extended [16, 17]. In order to explain seasonal trends in global surface air temperature, Legates 

and Willmott [18] used harmonic analysis. A study aimed at tackling issues in harmonic time series 

analysis for seasonal land surface dynamics by utilizing remote sensing data pointed out the 

challenges encountered in the model, such as the complexity of frequency selection, susceptibility 

to noise, and missing data in time series due to atmospheric interference [19,20,21,22].  

Since the transformation changes the structure of the original series, new models suitable for 

skewed data have been developed [7, 8, 9, 10]. Modeling the seasonality of time series data is 

useful for understanding the effects of natural disturbances, as harmonic time series remain a 

suitable method. To capture the skewness and seasonality, there is a need to develop a robust model 

that accounts for the presence of these attributes in our dataset. 

 
2. MATERIALS AND METHODS 

 

      The proposed model is given as: 

𝑦𝑡 = 𝜙𝑦𝑡−1 + 𝛽 sin(𝜔𝑡) + 𝛾 cos(𝜔𝑡) + 𝜀𝑡                                                                                      (2.1) 

𝑦𝑡 represents a univariate variable with a constant interval of time observations. 

𝛽 and 𝛾 represent the coefficients for the sinusoidal components 

𝜔 represents different frequencies for each harmonic component 

𝜖𝑡 represents the error term,  𝜀𝑡~𝑁(0, 𝜎2) 

 

The model steps involve identification using the time plot and estimation of the coefficients 

using Maximum Likelihood Estimation and Ordinary Least Squares methods. 

𝑓(𝑌𝑡|𝑌𝑡−1, sin(𝜔𝑡) , cos(𝜔𝑡) , 𝜙, 𝛽, 𝛾, 𝜎2)

=
1

√2𝜋𝜎2
exp(−

(𝑌𝑡 − 𝜙𝑌𝑡−1 − 𝛽 sin(𝜔𝑡) − 𝛾 cos(𝜔𝑡))2

2𝜎2
)                           (2.2) 

𝐿(𝜙, 𝛽, 𝛾, 𝜎2) = ∏  

𝑛

𝑡=1

1

√2𝜋𝜎2
exp(−

(𝑌𝑡 − 𝜙𝑌𝑡−1 − 𝛽 sin(𝜔𝑡) − 𝛾 cos(𝜔𝑡))2

2𝜎2
)                      (2.3) 
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ℓ(𝜙, 𝛽, 𝛾, 𝜎2) = −
𝑛

2
log(2𝜋𝜎2) −

1

2𝜎2
∑ 

𝑛

𝑡=1

(𝑌𝑡 − 𝜙𝑌𝑡−1 − 𝛽 sin(𝜔𝑡) − 𝛾 cos(𝜔𝑡))2             (2.4) 

The estimates are: 

𝜙̂ =
∑  𝑛

𝑡=1   (𝑌𝑡 − 𝛽̂sin (𝜔𝑡) − 𝛾̂cos (𝜔𝑡))𝑌𝑡−1

∑  𝑛
𝑡=1  𝑌𝑡−1

2                                                                                 (2.5) 

𝛽̂ =
∑  𝑛

𝑡=1   (𝑌𝑡 − 𝜙̂𝑌𝑡−1 − 𝛾̂cos (𝜔𝑡))sin (𝜔𝑡)

∑  𝑛
𝑡=1   sin2 (𝜔𝑡)

                                                                                (2.6) 

𝛾̂ =
∑  𝑛

𝑡=1   (𝑌𝑡 − 𝜙̂𝑌𝑡−1 − 𝛽̂sin (𝜔𝑡))cos (𝜔𝑡)

∑  𝑛
𝑡=1   cos2 (𝜔𝑡)

                                                                                (2.7) 

Using the Ordinary Least Square method, the estimate is given in matrix form as 

[
 
 
 
 
 ∑ 𝑌𝑡−1

2 ∑ 𝑌𝑡−1sin (𝜔𝑡) ∑ 𝑌𝑡−1cos (𝜔𝑡)

∑ 𝑌𝑡−1sin (𝜔𝑡) ∑  sin2 (𝜔𝑡) ∑ sin (𝜔𝑡)cos (𝜔𝑡)

∑ 𝑌𝑡−1cos (𝜔𝑡) ∑ sin (𝜔𝑡)cos (𝜔𝑡) ∑ cos2 (𝜔𝑡) ]
 
 
 
 
 

[

𝜙̂

𝛽̂
𝛾̂

] =

[
 
 
 
 
 ∑  𝑌𝑡𝑌𝑡−1

∑ 𝑌𝑡sin (𝜔𝑡)

∑  𝑌𝑡cos (𝜔𝑡)]
 
 
 
 
 

(2.8) 

The optimal model criterion is given as [23]: 

The AIC statistics is given as: 

AIC = −2 ln Likelihood(𝜑̂, 𝜃̂, 𝜎̂2) + 2(𝑝 + 𝑞 + 1)                                                                 (2.9) 

Bayesian information criteria (BIC) [24] is given as; 

BIC = (𝑛 − 𝑝 − 𝑞) ln (
𝑛𝜎̂2

𝑛−𝑝−𝑞
) + 𝑛(1 + ln√2𝜋) + (𝑝 + 𝑞) ln [

∑  𝑛
𝑡=1  (𝑋𝑡

2−𝑛𝜎̂2)

𝑝+𝑞
]                     (2.10)   

The test statistic for sample autocorrelation is given as [25]: 

𝑄(𝑟) = 𝑛′(𝑛′ + 2)∑  𝑘
𝑗=1

𝜇𝑗
2

𝑛−𝑗
                                                                                                               (2.11)  

The forecast accuracy measures are as follows [26]. The MAE is provided as: 
1

ℎ+1
∑  ℎ+𝑠

𝑡=𝑠 (𝑋̂𝑡 + 𝑋𝑡)
2
                                                                                                                              (2.12) 

    

RMSE is defined as: 

RMSE = √
1

ℎ+1
∑  ℎ+𝑠

𝑡=𝑠   (𝑋̂𝑡 − 𝑋𝑡)
2
                                                                                                         (2.13)    

                 

and MAPE is given as 
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MAPE =
100

ℎ+𝑠
∑  ℎ+𝑠

𝑡=𝑠 |
𝑋̂𝑡−𝑋𝑡

𝑋𝑡
|                                                                                                                   (2.14)  

3. RESULT 

The time plot showed the non-stationarity of the series with the ADF value (ADF = 10.265, p-

value = 0.06). Furthermore, Figure 2 highlighted that the series demonstrated a skewed property. 

This suggests that the distribution of the observations is asymmetric. Given these characteristics, 

the proposed models in this study are deemed suitable for capturing the behavior of skewed 

seasonal observations (Figure 1). Figures 3 and 4 displayed the ACF and PACF of the series, 

respectively. The ACF plot exhibits a pattern where autocorrelations decay or decline 

exponentially, with a sharp cut-off in the PACF at lag k, suggesting the usage of an autoregressive 

model. 

 

FIGURE 1: Time plot of the Series 
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FIGURE 2: Histogram of the Series 

 

 

FIGURE 3: ACF of the Series 
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FIGURE 4: PACF of the Series 

 

The Skewed-Seasonal Model (SSM) for order 1 estimated for the series is given as; 

𝑦𝑡 = 4.4611 +  0.1188𝑦𝑡−1 + 0.6602𝑠𝑖𝑛
2𝜋1

12
𝑡 +  0.9991𝑐𝑜𝑠

2𝜋1

12
𝑡 + 𝜀𝑡                               (3.1) 

with 𝑅2 = 0.7872, 𝐴𝑑𝑗𝑢𝑠𝑡𝑒𝑑 𝑅2 = 0.7591, Durbin Watson = 1.9991 , AIC =  4877.7070 

 

The Skewed-Seasonal Model (SSM) for order 2 estimated for the series is given as; 

𝑦𝑡 = 4.4613 +  0.1160𝑦𝑡−1 + 0.02323𝑦𝑡−2 + 0.6604𝑠𝑖𝑛
2𝜋1

12
𝑡 + 0.01303𝑠𝑖𝑛

2𝜋2

12
𝑡

+ 0.9993𝑐𝑜𝑠
2𝜋1

12
𝑡 + 0.007179𝑐𝑜𝑠

2𝜋2

12
𝑡   + 𝜀𝑡                                                  (3.2) 

With 𝑅2 = 0.8926, 𝐴𝑑𝑗𝑢𝑠𝑡𝑒𝑑 𝑅2 = 0.8372, Durbin Watson = 1.9966, AIC = 4875.852 

 

The Skewed-Seasonal Model (SSM) for order 3 estimated for the series is given as; 

𝑦𝑡 = 4.4608 +  0.1144 + 0.01773𝑦𝑡−2 + 0.06304𝑦𝑡−3 + 0.6603𝑠𝑖𝑛
2𝜋1

12
𝑡 

+ 0.01432𝑠𝑖𝑛
2𝜋2

12
𝑡 − 0.1755𝑠𝑖𝑛

2𝜋3

12
𝑡 + 0.9987𝑐𝑜𝑠

2𝜋1

12
𝑡 

+  0.008270𝑐𝑜𝑠
2𝜋2

12
𝑡 + 0.03074𝑐𝑜𝑠

2𝜋3

12
𝑡 + 𝜀𝑡                                                  (3.3) 

with 𝑅2 = 0.9472, 𝐴𝑑𝑗𝑢𝑠𝑡𝑒𝑑 𝑅2 = 0.9131, Durbin Watson = 1.9913, AIC = 4875.684 

 

The Skewed-Seasonal Model (SSM) for order 4 estimated for the series is given as; 
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𝑦𝑡 = 4.4606 +  0.1179𝑦𝑡−1 + 0.01929𝑦𝑡−2 + 0.06183𝑦𝑡−3 − 0.01894𝑦𝑡−4

+  0.6604𝑠𝑖𝑛
2𝜋1

12
𝑡 + 0.01404𝑠𝑖𝑛

2𝜋2

12
𝑡 − 0.1759𝑠𝑖𝑛

2𝜋3

12
𝑡 − 0.04371𝑠𝑖𝑛

2𝜋4

12
𝑡

+ 0.9982𝑐𝑜𝑠
2𝜋1

12
𝑡 +  0.007724𝑐𝑜𝑠

2𝜋2

12
𝑡 + 0.03046𝑐𝑜𝑠

2𝜋3

12
𝑡

− 0.2269𝑐𝑜𝑠
2𝜋4

12
𝑡 + 𝜀𝑡                                                                                               (3.4) 

with 𝑅2 =  0.9832, 𝐴𝑑𝑗𝑢𝑠𝑡𝑒𝑑 𝑅2 = 0.9742, Durbin Watson = 1.993737, AIC = 4870.401 

 

 

4. DISCUSSION 

The Skewed-Seasonal Model (1) analysis showed that the coefficients indicated that for every 

increase in time, there would be a unit increase or rise in the series. The coefficient of 

determination in equation (3.1) revealed that time explained the variations in the simulated series 

by 78.7%. Additionally, the model's value showed a good goodness of fit with a 75.9% level of 

predictive power. The coefficient of determination in equation (3.2) revealed that time explained 

the variations in the simulated series by as much as 89.2%. Additionally, the model's value showed 

that it has a goodness of fit with an 83.7% level of predictive power. The coefficient of 

determination in equation (3.3) revealed that time explained the variations in the simulated series 

by as much as 94.7%. Additionally, the model's value showed that it has a good goodness of fit 

with a 91.3% level of predictive power. The coefficient of determination in equation (3.4) revealed 

that time explained the variations in the simulated series by as much as 98.3%. Additionally, the 

model value showed that it has a good goodness of fit with a 97.4% level of predictive power. The 

values of the Durbin-Watson statistics stated in equations (3.1-3.4) show that the error terms are 

not serially correlated, as the proposed Skewed-Seasonal Model (SSM) is considered adequate for 

the series. 

From Table 1, the values for the SSM indicate that it explains more variance in the data compared 

to the AR model at all orders. Similarly, the adjusted values confirm that the Skewed-Seasonal 

Model (SSM) provides a better fit. The findings suggest that the Skewed-Seasonal Model (SSM) 

has a stronger ability to capture the underlying skewness of the time series than the AR model. 

The higher values and adjusted values indicate that incorporating harmonic terms improves model 

performance. Furthermore, model forecasting accuracy was evaluated using forecast evaluation 

metrics. The results in Table 2 confirm that the SSM model outperforms the AR model in 

predictive accuracy metrics (RMSE, MASE, MAPE, and MAE). These results highlight the 

effectiveness of the Skewed-Seasonal Model (SSM) in capturing the skewness and seasonality 

properties of the series. 
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TABLE 1: Values of Coefficient and Adjusted Coefficient of determination for Autoregressive 

Model (AR) and The Skewed-Seasonal Model (SSM) from order 1-4 

 

Model Order 𝑹𝟐(AR) Adjusted 𝑹𝟐 (AR) 𝑹𝟐 (SSM) Adjusted 𝑹𝟐 (SSM) 

1 0.5337 0.5328 0.7872 0.7591 

2 0.6357 0.6337 0.8926 0.8372 

3 0.7375 0.7346 0.9472 0.9131 

4 0.7423 0.7384 0.9832 0.9741 

Researcher’s Computation, 2025 

 

 

TABLE 2: Forecast Evaluation Metrics for Autoregressive Model (AR) and The Skewed-Seasonal 

Model (SSM) from order 1-4 

Model 

Order 

Variance 

(AR) 

AIC 

(AR) 

RMSE 

(AR) 

MAE 

(AR) 

MASE 

(AR) 

Variance 

(SSM) 

AIC 

(SSM) 

RMSE 

(SSM) 

MAE 

(SSM) 

MASE 

(SSM) 

1 8.1097 4935.978 2.8463 2.2368 0.7902 7.5648 4877.707 2.7490 2.1525 0.7604 

2 8.0935 4935.981 2.8435 2.2319 0.7885 7.5607 4875.852 2.7483 2.1502 0.7596 

3 8.0783 4935.100 2.8408 2.2264 0.7865 7.5141 4875.684 2.7398 2.1421 0.7567 

4 8.0381 4933.133 2.8337 2.2173 0.7833 7.4843 4870.401 2.7344 2.1373 0.7550 

Researcher’s Computation, 2025 

 

 

 

5. CONCLUSION 

The Skewed-Seasonal Model (SSM) was proposed and estimated for orders 1 through 4. R², 

adjusted R², and forecast evaluation metrics were used to compare the proposed model and AR. 

The results demonstrated that the inclusion of harmonic terms improved the model's ability to 

capture the underlying structure of the data. The proposed Skewed-Seasonal Model (SSM) is more 

effective as it possesses higher performance and forecasting accuracy. The findings suggest that 

incorporating harmonic terms enhances the model's ability to describe time-dependent patterns, 



28          OLUKUNMI OLATUNJI AKANNI, TIMOTHY OLABISI OLATAYO AND ABASS ISHOLA TAIWO 

 
 

making it a suitable approach for analyzing similar real-world datasets. The proposed model will 

help policymakers, stakeholders, and the government by providing a better method to analyze 

skewed-seasonal data, which will aid in better forecasting and policy implementation. 
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