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AN EXPLICIT FORMULA FOR FUZZY SUBGROUPS OF THE
ABELIAN GROUP Zy x Zo, n > 1, p > 3
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OLUSOLA BAMIDELE OGUNFOLU, AND MICHAEL ENIOLUWAFE

ABSTRACT. In this paper, we characterise distinct fuzzy subgroups of the
abelian group Zsp» X Zsg, using an enumerative technique derived from the set of
representatives of isomorphism classes of subgroups and their sizes. We formu-
late a linear non-homogeneous recurrence relation of degree one with constant
coefficients and apply both the associated linear homogeneous and particular
solutions to derive an explicit formula for the number of fuzzy subgroups.

1. INTRODUCTION

In 1965, Zadeh [9] introduced the concept of fuzzy subsets, defining a fuzzy
subset of a non-empty set as a collection of objects with membership grades
ranging between 0 and 1. This foundational idea paved the way for the develop-
ment of fuzzy set theory, which has found applications in various fields, including
decision-making, control theory, and pattern recognition. Building on this con-
cept, Rosenfeld [6] extended the notion to fuzzy subgroups in 1971, marking
the beginning of fuzzy abstract algebra. Since then, the classification of fuzzy
subgroups in finite groups has been a central problem in fuzzy group theory.

The significance of classifying fuzzy subgroups lies in their potential applica-
tions in cryptography, data clustering, and information retrieval, where fuzzy
logic provides a more nuanced approach than classical binary logic. Despite nu-
merous studies, including the pioneering works of Das [2], Murali and Makamba
[3], and the comprehensive enumeration techniques developed by Adebisi et al.
[1], the classification of fuzzy subgroups of finite abelian groups remains an open
challenge.

This paper addresses this gap by characterising distinct fuzzy subgroups of the
abelian group Zgyn X Zy for n > 1 and prime p > 3. We employ an enumerative
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technique based on equation (2.1) from Section 2, which relates the total number
of fuzzy subgroups to the sizes of isomorphism classes and the number of fuzzy
subgroups of representative subgroups. By analysing the structure of Zg,» X Zy
and formulating a linear non-homogeneous recurrence relation of degree one with
constant coefficients, we derive an explicit formula of the form.

§(Zgpn X Za) = 2" n+ (3n + 4)(n + 4)].

This approach builds on the existing body of knowledge 2], 3, [7, [I] and introduces
a novel methodology applicable to the broader classification of fuzzy subgroups
of finite abelian groups.

2. PRELIMINARIES

Definition 2.1. Let 6 be a fuzzy subset of G. Then ¢ is said to be a fuzzy
subgroup of G if

i 0(zy) = min{d(z),d(y)},

i 6(x1) > d(x)
for all z,y € G.

Considering the basic notions of fuzzy subgroups, it follows easily from the
axioms that: 6(z) = d6(z~!) implies §(z) < d(e) for all z € G. Also, § satisfies
conditions (i) and (ii) of Definition 2.1 if and only if min{d(x),d(y)} < d(zy™'),
for all z,y € G. Therefore, FL(G) forms a lattice with respect to the usual
ordering of fuzzy set inclusion, called the fuzzy subgroup lattice of G.

Without any equivalence relation on fuzzy subgroups of a group G, the number
of fuzzy subgroups is infinite, even for the trivial group. This concept uses the
notion of natural fuzzy equivalence classification of 6(G). We have

i) > d(y)  alzx) > a(y),Vz,y € G.

Suppose §(G) = {51, P2,-..,05:}, then 51 < By < -+ < [,.. Therefore, 0
computes the subsequent subgroup chains of GG that terminates in G:

5051 C 5G52 c---C (SGgm =dG.
Moreover, for any z € G and i = 1,7, we have
6(r) = f; & i =max{j | v € G, }.

Volf [8] disclosed that the necessary condition for two fuzzy subgroups d, a of
G to be equivalent concerning ~. Then, § ~ « if and only if § and a have the
same set of level subgroups, that is, they determine the same chain of subgroups.
This finding reveals that there exists a bijection between the equivalence classes
of fuzzy subgroups of G and the collection of subgroup chains of G which end in
G. This fuzzy natural equivalence relation is applied in Tarnauceanu and Bentea

[7.

The problem of computing all distinct fuzzy subgroups of G can be transferred
into a combinatorial problem on L(G) of G. Let §(G) denote the number of fuzzy
subgroups of G, n(H) denote the size of the isomorphism class with represen-
tative H, and Iso(G) denote the set of representatives of isomorphism classes of
subgroups of G.
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We have
5(G) = > 6(H) xn(H). (2.1)
distinct H€Iso(G)
Let 6(H,) = 0(H,) = 1, where H; is the trivial group of G and H, is the
improper subgroup of G [4].
It also follows:
(i) 0(Z,) = 2 where p is prime
(ii) 6(Zp,) = 6 where p and ¢ are distinct primes
(iii) 6(Z,2) = 4 where p is any prime
(iv) 0(Z, x Z,) = 2p + 4 where p is any prime
The above results are special cases [4].

Definition 2.2 (Rosen [5]). A linear non-homogeneous recurrence relation of
degree k with constant coefficients is a recurrence relation of the form:

Ap = C1ap_1 + C2Gp_9 + -+ + Cpay_ + F(n)

where ¢1, co, . .., ¢ are real numbers, and F(n) is a function not identically zero
depending only on n.

The recurrence relation in the definition is linear since the right-hand side is a
sum of multiples of the previous terms of the sequence and all a,,_1, a,_2, ..., Gp_k
are raised to power one and non-homogeneous whenever F'(n) is not zero otherwise
it is homogeneous. The coefficients of the terms of the sequence are all constants,
rather than functions that depend on n.

Theorem 2.3 (Rosen [5]). If {a,(lp)} is a particular solution to the linear non-
homogeneous recurrence relation with constant coefficients

Ap = Clap—1 + C2lp_o + -+ + cran_k + F(n),
Then every solution is of the form:
a%h) + a;p)
where {aglh)} 18 a solution of the associated homogeneous recurrence relation
Ay = C1Qp_1 + Colp_9 + -+ - 4+ CLAp_k-

Theorem 2.4 (Rosen [3]). Assume that {a,} satisfies the linear non-homogeneous
recurrence relation with constant coefficients

Ap = C1ap_1 + Colp_o+ ++ + Cran_t + F(n)
with F(n) of the form:
F(n) = (bn' +bqn'™' + -+ bin + by)s"
where by, by, ..., by and s are real numbers.
Case 1: If s is not a characteristic root of the associated linear homogeneous
recurrence relation with constant coefficients, there is a particular solution of the

form
(Oétnt + O./t_l’rlt_l + -+ an+ Oé())Sn.
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Case 2: If s is a characteristic root of multiplicity m, there is a particular
solution of the form

n™(ayn' + '+ a4 o)™

3. MAIN REsULTS: FUzzy SUBGROUPS OF Zgyn X Zg, n > 1, p >3
Proposition 3.1. Let G be Zyz1 X Zs, then 6(G) = 36.

Proof. Let G be Zgy.31 X Zsy. Its isomorphism classes of subgroup representatives
and their sizes are as follows: e, 1], [Zs, 3|, [Zs, 1], [Za X Z2, 1], [Z¢, 3], and [Zg.31 X
7o, 1].

Applying equation (2.1),

Therefore, 6(Zgy.31 X Zs) = 36 is obtained. O
Proposition 3.2. Let G be Zy51 X Zs, then §(G) = 36.

Proof. Let G be Zy.s1 X Zs. Its isomorphism classes of subgroup representatives
and their sizes are as follows: [e, 1], [Za, 3|, [Zs,1], [Zs X Zo,1], [Z10,3], and
[22.51 X ZQ, 1]
Applying equation (2.1),
0G) =d(e) +30(Za) + 6(Zs) + (Za x Za) + 36(Z1p) + 1 = 36.
Therefore, 6(Zg.51 X Zs) = 36 is obtained. O
Proposition 3.3. Let G be Zyz2 X Zso, then 6(G) = 124.

Proof. Let G be Zgy.32 X Zsy. Its isomorphism classes of subgroup representatives
and their sizes are as follows: [e, 1], [Ze, 3], [Z3, 1], [Zg X Z2, 1], [Z¢ X Z2, 1], [Zs, 3],
[Zg, 1], [Zlg, 3], and [22.32 X ZQ, 1]
Applying equation (2.1),
+30(Zs) + 6(Zg) + 36(Z1s) + 1 = 124. (3.1)
Therefore, 6(Zg.32 X Zs) = 124 is obtained. O
Proposition 3.4. Let G be Zos2 X Zso, then 6(G) = 124.

Proof. Given G to be Zg.s2 X Zs, its isomorphism classes of subgroups are rep-
resented by the following set of representations, along with their corresponding
sizes: [6, 1], [ZQ, 3], [Zg), 1], [ZQ X ZQ, 1], [Zlo X ZQ, 1], [Z107 3], [225, 1], [250, 3], and
[Z2.52 X ZQ, 1]
Applying equation (2.1),
(S(G) = 5(6) + 36(Z2) + (S(Zg,) + 5(22 X Zg) + (S(Zlg X ZQ)

Therefore, 6(Zg.52 X Zy) = 124 is obtained. O
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Theorem 3.5. Let G be Zopn X Zp, n > 1, p > 3. Then, the explicit formula for
I(G) is

§(Zagpn X Zs) = 2" n + (3n + 4)(n + 4)].
PTOOf. Let 5(ngn X Zg) = bn where b1 = 36, b2 = ]_24, bg = 376.

We establish a recurrence relation from the following pattern:

by —2by = (---)2%, (3.3)

bg — 2by = (---)2%, (3.4)

by — 2b,—1 = (---)2". (3.5)

The isomorphism classes of subgroup representatives and their sizes are as fol-
lows: [e,1]; [Zy1, 1], [Zy2, 1], ..., [Zyn, 1]; [Zoyo, 3], [Zopr, 3], [Zoy2, 3], - .., [Zopn, 3];
Zigpo X Zig, 1], [Zigpr X L, 1], Loy X Lo, 1), ..., [Zoyn-1 X Zg, 1]; and the improper

subgroup [Zayn X Zs, 1].
Applying equation (2.1), we obtain

n n n—1
0(Zopn X Zg) = 6(€) + Y 0(Zy) + 3 6(Zys) + Y 0( Ly X Zo) + 1. (3.6)
j=1 =0 j=0
Replacing n by n — 1 in equation ({3.6]), we have
n—1 n—1 n—2
0(Zognr X Zg) = 6(€) + Y 6(Z) + 3D 6(Zoys) + Y 6(Zoys X Zp) + 1. (3.7)
J=1 Jj=0 Jj=0

Subtracting equation (3.7) from equation (3.6, noting that the terms d(e)
and the improper subgroup term cancel, and using the fact that 20(Zopn—1 x Zs)
accounts for the factor of 2, we obtain:

8(Zopn X L) — 20(Ligpn—1 X L) = 6(ZLpn) + 36(ZLoyn ). (3.8)
From special cases in Section 2, we know that.
Zy)=2", and (Zoy) =2"(n+2).
Thus, equation becomes:
§(Zigpn X L) — 20(ZLgyn—1 X L) = 2" +3(2"(n +2)) = (3n + 7)2". (3.9)
However, verifying with initial conditions b; = 36, by = 124:
by —2b; =124 —72=52=(3-2+4+7)-2° =13 -4 = 52.
This suggests the recurrence relation is:
b, — 2b,—1 = (3n+7)2". (3.10)

Solution of the recurrence relation:

The homogeneous part of equation is b, = 2b,_1. The characteristic
equation is r — 2 = 0, giving the characteristic root r = 2.

By Theorem 2.3, the homogeneous solution is:

bglh) = (7 (2”)7

Where o is a constant.
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For the particular solution, we have F'(n) = (3n+7)2". By Theorem 2.4, since
s = 2 is a characteristic root with multiplicity 1, the particular solution has the
form:

b%p) = TL(O&QH + Oé3)2n,

where oy and a3 are constants to be determined.

Substituting bP) into equation (13.10)):

n(agn + a3)2" — 2[(n — {aa(n — 1) + a3}]2" ' = (3n + 7)2",
n(agn + a3)2™ — [(n — 1){as(n — 1) + a3}]2" = (3n + 7)2"

(aan® + azn) — [ag(n® —2n+ 1) + azn — az] = 3n + 7,

200n — s + a3 =3n+T. (3.11)
Matching coefficients:
3
200 =3 = 9= 5,
3 17
—OZQ+013:7 = Q3:7+§:?

Therefore, the particular solution is:

3 17
bP =n (§n + 7) 2" = n(3n + 17)2" 1.
The general solution is:
by =y - 2" +n(3n +17)2" 1.
Using the initial condition n = 1 and b; = 36:
36=ay-2+1(3+17) -1 =204 + 20,

which gives ay = 8.
Therefore, the general solution is:

by =8-2" +n(3n+17)2"!

3n?  1n
=2" 84+ — + —
(345 + %)

= 2""1(16 + 3n® + 17n)

=2""1(3n® + 17n + 16)

=2"n+ (3n+4)(n +4)]. (3.12)
Therefore, §(Zopn X Zo) = 2" ' n+ (3n+4)(n+4)] forn > 1, p > 3. O

3.1. Verification of the Formula. To verify the derived formula, we check it
against the known values:

o For n = 1: 6(Zyy X Zy) = 0[1—{—(3 4)(144)]=1[1+4+7-5=36
o Forn = 2: 8(Zayp x Zn) = 212+ (6+4)(2+4)] = 2[2+10-6] = 2.62 = 124
o For n =3t §(Zay X L) = 223+ (9+4)(3+4)] = 4[3+13-7] = 4-94 = 376
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4. CONCLUSION

The main contribution of this paper is the explicit formula
§(Zopn X L) = 2" [n + (3n + 4)(n + 4)],

This provides a direct computational method for determining the number of fuzzy
subgroups of this abelian structure without requiring exhaustive enumeration.

This formula demonstrates exponential growth in the number of fuzzy sub-
groups as n increases, which has implications for the complexity of fuzzy classi-
fication problems in these groups. The methodology employed, combining enu-
merative techniques with recurrence relations, can be extended to other classes
of finite abelian groups, particularly those of the form Z,,,» x Z,, where m and
p are coprime.

Future research directions include:

e Extending this approach to groups of the form Zs,n X Zgym for distinct
primes p and g;

e Investigating the asymptotic behavior of §(G) for more general abelian
group structures;

e Applying these results to practical problems in cryptography and data
clustering, where fuzzy group structures arise naturally.
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