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VISCOSITY-BASED GRADIENT TECHNIQUES FOR SPLIT
FEASIBILITY PROBLEMS

LAWAN BULAMA MOHAMMED* AND ADEM KILICMAN

ABSTRACT. The Split Feasibility Problem (SFP) is a key optimization model
with diverse applications in fields such as inverse problems, signal processing,
and medical imaging. This paper presents novel viscosity algorithms for solving
the SFP in infinite-dimensional Hilbert spaces. Building on existing methods,
we introduce new inertial techniques to improve convergence properties. The
proposed algorithms feature adaptive step size strategies, which eliminate the
need for prior knowledge of operator norms, ensuring greater computational ef-
ficiency. Strong convergence results are demonstrated under mild assumptions.
These results generalize many existing findings in the literature.

1. INTRODUCTION

Let G; and G5 be Hilbert spaces with inner product (-,-) and corresponding
norms || - ||. Consider the nonempty, closed, and convex subsets D C G; and
R C Gj, and let B: G; — G4 be a bounded linear operator. The split feasibility
problem (SFP) is formulated as finding a point

y* € D such that By* € R. (1.1)

The SFP was introduced by Censor and Elfying in 1994 [6] and has become a
cornerstone for various applications, especially in inverse problems such as phase
retrieval and medical imaging [4]. It also finds widespread use in areas like signal
processing, optimization, and intensity-modulated radiation therapy [5].

Several iterative methods have been proposed to solve the SFP. Among these,
Byrne’s algorithm [3] is notable for its simplicity. Starting from an initial point
yo € G, the sequence {y} is iteratively defined as follows:

k1 = Po(ye — BB*(I — Pr)Byx), k€N, (1.2)

where Pp and Py denote the metric projections onto D and R, respectively, B*
is the adjoint of B, I is the identity operator, and [ is a step size chosen such
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that 0 < 8 < %, with L = ||B*B||. Under appropriate conditions, the sequence

{yx} converges weakly to the SFP (1.1)).
Byrne’s algorithm (1.2)) is often regarded as a special case of the gradient

projection method, as the SFP can be reformulated as the constrained convex
minimization problem:

. 1
min g(y), where g(y) = S|(I — Pr)By|?*. (1.3)
yeD 2

The dependence of § on ||B*B| in algorithm ((1.2]), which is known to be
difficult to compute, has motivated numerous researchers to devise adaptive step-
size strategies. Notable examples include:

Dynamic Step Size by Lpez et al. [9].

_ 0kl — Pr)Bys|”
B

= 0,4). 1.4
B0~ Pl Y Ay

Adaptive Step Size by Anh et al. [I].

Br =

Ok
max{1, || B*(I — Pr)Byy|}’

where the sequence {o}} satisfies klim o =0 and > o = 0.
Alternatively, the Armijo Line Search Rule selects f, = puv™, with p,v € (0,1)

and 7, being the smallest nonnegative integer satisfying:
p™ | B*(I — Pr)Byr — B*(I — Pr)Bzi|| < Mlye — 2l (1.6)

for 2L = PD(yk — ﬁkB*([ — PR)Byk> and \ € (O, 1)

Polyak [I4] first proposed an inertial-type algorithm designed to accelerate the
solution of smooth convex optimization problems. This approach involves a two-
step iterative scheme, where each new iteration is determined by the previous
two iterates. Building on this idea, Nesterov [13] developed an enhanced heavy-
ball method aimed at further improving the convergence rate. The method is
described as follows:

Y+1 = Wg — Png(wk), vk Z ]-7 (1 7)
wg = yr + Ok (Yr — Y1), '

where 6, € [0,1), and {py} is a sequence of positive numbers. Here, the inertia
is represented by the term O (yx — yr—_1)-

The integration of inertial terms into iterative algorithms is well-known for its
effectiveness in accelerating the convergence of generated sequences. As a result,
substantial research has been devoted to developing and analyzing inertial-based
algorithms for the SFP, as detailed in [7, 8] 12} 10} 15} 16, 17].

On the other hand, Yao et al., [20] developed an improved self-adaptive viscos-
ity methods for solving the SFP as follows:

Yior1 = Pp (o (yi) + (1 — i) (v — BeVg(yr))) . k > 0, (1.8)
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where {ax} C (0,1), {pr} C (0,2), and the step size

5, = P9
IVg(y) I

after some conditions imposed on the operators and parameters involved, they
established the convergent of the proposed algorithm to the solution of variational
inequality problem:

y € D such that ( y —7(y),y —2) <0 for all z € D. (1.9)

In particular, Vinh et al., [12] proposed an inertial approach combined with
Polyak’s step size to design an algorithm specifically tailored for solving the SFP.
This method incorporates the projection of the inertial term onto the feasible set,
under standard assumptions on the parameters and operators, they established
the weak convergence of the proposed scheme, described as follows:

{ Thk+1 — ﬁkgp(wk) + (1 - Bk) (wk - )\ka(U}k)), Vk > L, (1 10)
wy = Pp(yr + an(yr — Tr-1)), '
where the step size is given by
g9(wr)
B = ppreit)__
Vg (w)|?

Building on these results, this study seeks to:

e Integrate algorithms and with Polyak’s step size to establish
a new viscosity-based inertial self-adaptive gradient algorithm for solving
the SFP. The convergence of the proposed methods will be extensively
analyzed.

e The step size do not require prior knowledge of the bounded linear oper-
ator norm or additional projection steps.

e Convex inertial terms are incorporated to boost the convergence rate of
the proposed algorithms.

e Our iterative algorithms demonstrate strong convergence to a solution of
the SFP, a critical consideration in infinite-dimensional spaces.

The remainder of this paper is organized as follows: Section 2 presents the
preliminary concepts and foundational results essential for establishing the main
result, Section 3 discusses the main result of the study and finally, Section 4
presents the conclusion.

2. MATERIALS AND METHODS

In this section, we present preliminary concepts, including key definitions and
lemmas, which will be instrumental in the subsequent discussions.

For any element x € (G, there exists a unique point in D, denoted by Ppx,
called the metric projection of x onto D. This projection satisfies the property:

lz = Ppz|| = infllz —yl

where Ppx is the nearest point to x within the set D.
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Remark 2.1. The metric projection Pp from Gy onto D has the following prop-
erties:

a. (x — Ppx,y — Ppx) <0Vr € Gy andy € D;
b. |z — Ppz||* < (v — Ppr,x —y),Vx € Gy and y € D;
c. |Ppx—yl|*> <z —vy|*—||(I — Pp)z|?* Vx € Gy and y € D.

Lemma 2.2 (Aubin [2]). Let g : Gi — R be a function defined by
1
g(x) = §|]Bx — PpBx|* Vo € Gy, (2.1)

then

. g 1s convex and differentiable;
. g 1s weakly lower semicontinuous (w-lsc) on Gy;
. Vg(z) = B*(I — Pp)Bx Vx € Gy;

. Vg is w—mveme strongly monotone, that is,

Q0o T o

1
1B]I?
Lemma 2.3 ( Xu [I8]). Consider the SFP , and let g be defined as in
equation . Then the following statements are equivalent:

a. The point x solves the SFP;
b. The point x solves

x = Pp(x — pVyg(x)) = Pp(x — B*(I — Pg)Bz), 5 > 0;

(Vg(z) = Vg(y),z —y) > IVg(z) = VgW)lI?>, Va,y € Gi.

c. The point x solves the following variational inequality problem:
(Vy(a),y —x) >0, Va,yeD,

Lemma 2.4 ( Xu [19]). Assume that {Br} is a sequence of nonnegative real
numbers such that

Br+1 < (1 — i) Br + Ck + €k,

where {ng} is a sequence of real numbers in (0,1), and {(x} and {e;} are sequences
of nonnegative real numbers such that:

Oo .
a. D iy e = 00;
b. limsup, ., f}—’; <0 or ) o, G < oo;
Co Y po €k < 00.
Then, lim B = 0.
k—o0

Lemma 2.5 ( Maing [I1]). Let {tx} be a sequence of real numbers that does not
decrease at infinity, meaning there exists a subsequence {t,,,} of {tx} such that
tim; < tmgy, for all i > 0. For every m > myg, define an integer sequence {o(m)}
as

o(m) = max{k <m : ty, <tm,,,}

Then, o(m) — 0o as m — oo, and for all m > mg, max{tem);tr} < to(m)+1-
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3. RESuULTS

In this section, we present the main findings of our study. In what follows, the
solution set of the SEFP ((1.1)) will be denoted by S, that is

S = {z € D such that Bz € R}. (3.1)

Suppose the following presumptions hold:

(C1) A mapping F : G; — G is a contraction with contraction’s constant
€ (0,1], Pp : D — Gy and Pr : R — G5 are metric projections onto
D and R, respectively, and B : G; — G} is linear and bounded operator
with its adjoint B*;
(C2) glup) = ][ Buy — PrBug|* and Vg(uy) := B*(I — Pr)Bu
(C3) Algorithm: Let {yx} be a sequence define by

Ve = oy + (1 — Oék)(uk - Ang(Uk)),
wp = (1 — 7)yk + 76(Ye—1 — Yk, (3.2)
Yr+1 = Pp (BeF (V) + (1 = Br)ve) , VE > 1.

Let (xg,x1) € S be chosen arbitrarily, p, € (0,4) such that infpk(4 —pr) >0,

and let the step size be defined by \; := %, Br € (0,1) with > oneo Bk =

and hm Bk = 0. Additionally, suppose (1—08x(1—n))(4—pk)pr > o0, and € € (0, 1)
satlsﬁes Y o€t < oo and hm ek =0, and let ||yx — yx_1|| > b, where b > 0 and

T be a sequence define by

. 62 .
7= {1’ 2—\\yk—§kfln2} gk 7 Y
0, if Y = Yr—1-

Lemma 3.1. Assume that conditions (C1)-(C3) are satisfied, and that S # 0.
Then {||lyx+1 — q||} is bounded, and

o = alP <= Bt = )l gl + (14 1) &
— (1= Be(X = )4 = pr)Aug(ur) + 26(F (@) — ¢, Yrt1 — @)-
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Proof. Let ¢ € S, then

lyr1 — glI* =[1Pp (BrF () + (1 = Bi)w) — all?
<[|BeF (7) + (1 = Br)w — all?
—18xF (v) + (1 = Br) v — Po (BeF () + (1 = Br)w) |7
<NB(F (k) — ) + (1= Bi) (v — Q)|
=Bl F(w) = all* + (1 = Bi) v — all?
= Br(1 = Bi)IF () — I
<202 Bllve — all* + 2Bkl F (q) — all* + (1 = Bl — all?
=(1 = Br(1 = 20®)) [l (ur, — @) + (1 — ) (e — MeVg(ur) — q)[°
+ 2641 F(q) — qf?
= (1= Br(1 —21%)) [|ux — g
+ (1 —a) (1= Be(1 = 20%)) luw — M Vg(ug) — ql?
—ag(1 = ag) (1 = Be(1 = 21°)) [\ Vg (wn)[I” + 28| F (q) — gl
=g (1 = Br(l = 20)) llur — qll* + (1 — o) (1 = B (1 = 21%))
X llur = qll* = 22w — ¢, Va(ur)) + 1MV g(ur)||]
—ap(1 = ) (1= Bl = 20M) MV g(un)I” + 26,1 F (q) — gl
<(1 = Br(1 =) [Jur — gl
—2(1 — o) (1 = Be(1 = 20*)) Meur — ¢, Vg(uy))

+ (1= a) (1= Br(1 = 20)) [N Vg (wn) |* + 28411 F (q) — gl?
<(1 = Be(X = 1) Jur, — ql]* = 4(1 — o) (1 = Be(1 — 20)) Arg (uy)
+ (1= a) (1= Br(1 = 20)) M Vg (wn) > + 28411 F (q) — gl?
=(1= B =) llux — gl = (1 = ax) (1 = Be(1 = 27°)) (4 = pr) Arg(ur)
+ 2641 F(q) — gl*. (3:3)

On the other hand,

lur — qll* =11 = 7) (e — @) + 7 (yr—1 — v — Q)7
<(1 —7)lye — all* + ellyr-1 — yr — ql|?
<(1 = 7)llye — all® + 27allye—1 — vil|* + 27]lq]|?

2
<(1— 7))l — ql]* + € + HQIIQﬁ (3.4)
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Thus, by equation (3.3) and (3.4)) , we have that

2
s = alf <(1= 5t = 20) (1=l = ol + (14125 )

— (1 —a) (1= Be(1 = 20%)) (4 = p) Mg (ur) + 28| F (q) — gl

<(1 = Be(1 = 20) llyr — qll” + (1 = Be(1 — 27%)) (1 - HZ_DQ) ei

—(1- ak)(l — Br(1 — 27]2))(4 — p)Aeg(ur) + 2B4]| Fq) — q?
<(1 = Bu(X = 20) [lyx — alI” + € + 2B:| F(q) — ql®
21 F(q) — q||2 2\ «
<mac{ - g, BEO_ I 1 (1 1) 7

k=1

2[|F(q) — qll? 2\ ©
Smax{”yl —q|?, Hl(iLQUQQH} + <1 + %) Zez < 00. (3.5)
k=1

This implies that {||yx+1 — ¢||} is bounded.
On the other hand, by using Remark (c), we have

ki1 — all* =[1Pp [BeF () + (1 = B)ve] — all?

<Be(F(ve) — @) + (1= Be) (% — @), Y1 — q)

=06(F (W) = ¢ Ykt — @) + (1= Be) (Ve — ¢ Yo — @)

<Bunllve — alllyr+1 — all + Be{F (@) — ¢, Tpt1 — @)
+ (1= Bl — alllyrer — 4l

=(1 = B(X = )l — allllzer — all + Be{F (@) — ¢ 21 — @)

=(1 = Be(1 = ) llaw(ur — @) + (1 — ) (e = MeVg(ur) — @) llyrs1 — gll
+ Br(F(q) — ¢ Yrr1 — Q)

<(1 = Bu(t =) (cullen = qll + (1 = ) lfur = MVg(ue) = all) s —al
+ Be(F (@) = ¢, Yk — @)

= Bkél —n)) (akHuk — gl + (1 — a) ||, — M Vg(ug) — qH>2
N (1- 5k;1 —1))

yksr — all* + BelF (@) — ¢, Yre1 — ). (3.6)
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This turns to implies that

s — all* <00 — (1 — ) (el — al + (1 — @) — MeTga) —al )
+ 286(F(q) — ¢, Yk+1 — Q)
<(1 = B = m) (@l = gl + (1 = ) s = AVg(an) — 1)
+ 286(F(q) — ¢, Yk+1 — Q)
<(1-B(1—n)) (||U1e —q|’ = (4 - Pk))‘k‘g(uk)>
+ 286(F (@) — ¢, Yk+1 — Q). (3.7)
By equation (3.4)) and , we have

s =l <1 = Bt = m) (1 = 7 g = all* + € = (4= p)deglur))
+ 28:(F (@) — ¢, Yk+1 — )
lal?

<1- gt =y —al+ (1+ 145
— (1= Br(1 = n))(4 — pr)Meg(ur) + 281(F(q) — ¢ Yr1 — @)

Thus, we deduce that

2
q
H%ﬂ—quu—ﬁar—mm%—me+<y+%ﬂ)i

— (1= Be(1 = 1)) (4 — pr) Mg (ur) + 28:{F (@) — ¢ Yr+1 — q)-
(3.9)

O

Theorem 3.2. Assume that conditions (C1)-(C3) are satisfied, and that S # 0.
Then the sequence {yx} defined by algorithm converges strongly to y € S,
which also solve the following variational inequality:

y € S such that (F(y) —y,z—y) <0 forall z € S.
Proof. q € S, then by Lemma [3.1] we see that {||yx — ¢||} is bounded, and

(1= Be(L—m))(4— Pk)Pk% <8 — Sg+1 + (1 + %) ei

+ 26841 F(q) = allllyn+1 — all

PRV
b2 k k()

<SSk — Sky1 T+ (1 +

where s, = |lyx — ¢||>, and N > 0 is a constant number chosen arbitrarily such

that sup,{2[|F(q) — qllllyr+1 —qll} < N
We are now in the position to prove that y, — y, as n — oco. To do this, we
consider the following cases:
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Case 1: Suppose that {s;} is a decreasing sequence, by equation (3.9)), we
deduce that
2
u
lim L’“)Q — 0, (3.10)
n—o0 || Vg(ug) |

this further implies that
lim g(ug) = 0.
n—oo
Thus {uy} is bounded, therefore, there exists a subsequence {uy,} of {uy}
converging weakly to ¢ € D, and this turn to implies that {y;} converges weakly

toqeD.
From the weak lower semicontinuity of g, we have

0 < g(q) <liminf g(ug,) = lim g(ux) = 0.
n—00 k—o00
Hence, g(q) = 0, i.e., Ag € R. This indicates that
Waw (yk) CR.
Furthermore, due to the metric projection property, we have that

lim sup(F(q) — ¢, yxr1 — q) = max )(f(Q) —q,w—q) <0.

n—00 wWCWw Yk

By equation (3.8)), we deduce that

lq*
b2

k1 <(1 = Br(1 —n))se + (1 +

Thus, we deduce that

(i) > Bk(1—n) = oo,

) & 280 (F(Q) - vt —q) (3.1)

k>0
S T 2@ —qYrr1=9) _
(i) lliris;jp —n) =0,
(i) = (1+ ) & < oo

Therefore, applying Lemma to equation (3.11]), we have yp — ¢. Since g € S
was chosen arbitrarily, we therefore conclude that v, — y as required.
Case 2: Assume {||yr — ¢||} is an increasing sequence. That is,

1y — all < llyx1 — all-
Thus, we can define an integer sequence {£(k)} for all & > ng as follows:
(k) = max{m € N | ng <m <k, [lyx — qll < llynss —all}.
Clearly, £(k) is an increasing sequence such that £(k) — oo as kK — oo and

lvew) — all < llvewy+1 — all, VE > no.
On the other hand, by equation (3.9)), we deduce that

lall?
(|Iy§<k> = all* = llyewy+1 — all* + <1 + ) Clm + ﬁs(k)N>v

(3.12)

gluewy) 1
IVg(uew)l? ~o
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where o > 0 was chosen such that (1 — 8x(1 —1))(4 — px)pr > o. This turns to
implies that

li =0.

amn g(ugu) =0
Following the same argument as in Case 1, we see that {yeq} is in the solution
set S;i.e.,

w (Yer)) C S

Furthermore,

lim sup(F(2) — 2, Yery41 — 2) = 0.

n—oo

The fact that {||ye) — ¢||} is monotone increasing, and couple with equation
(3.11)), we have

Il
Bery (1 =) lyewy — all* <llvewy — all* — lvewyr1 — all” + (1 + - ) e
+ 2B (F (@) = @, Yery+1 — @)

< €y + 2Ben) (F (@) — € Yeey+1 — ) (3.13)

Since [ is bounded, there exist M such that fe;) > M, this and couple with
equation ([3.13]), we have

2
<1 + %) Eg(k) + Qﬁg(k) <~F(Q) — @ Ye(k)+1 — (]>
M(1—1) '

[y — gl < (3.14)

This turn to implies that

. . ) _
Tim {lye — gl =0,
which further implies that
Jim Jlyegey+1 — qll* =0.
Thus, by Lemma [2.5] we deduce that
0 < fly — all” < max{[lyew) — all*, lye — all*}
< lyewy+1 —all*> = 0.

Therefore, ||yx — q||> — 0. That is, yx — ¢. Since ¢ € S was chosen arbitrarily,
we conclude that y, — y as required. This completes the proof. O

The following results can be easily deduced from Theorem [3.2]

Corollary 3.3. Assume that conditions (C1) and (C2) are satisfied, and let {yx}
be a sequence defined by

Ve = Uk — AkVQ(Uk),
uk = (1= 7)ye + Tr(Yr-1 — v), (3.15)
Yer1 = Pp (BuF () + (1 = Be)w) . Yk > 1,
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let (xg,x1) € S be chosen arbitrarily, with py € (0,4) such that Ii€r>1f1pk(4— pr) > 0.

The step size is defined as N\, := IIQZQ(EZC)?IQ . and we have B € (0,1) with > 7~ fr =

oo and klim Br = 0. Additionally, (1 —fx(1—n))(4—pi)pr > o, and let ¢, € (0,1)
—00

satisfies Y pe €r < 00 and 1}3.1062 =0, and let ||yx — yg_1|| > b, where b > 0 and

the sequence 1y 1s defined as:

62 . .

7= {1’ —nyk—y’lflw} if Y # Y1
07 Zf Y = Yk—1-

Then yp, —y € S.

Corollary 3.4. Suppose that condition C1 and C2 are satisfied, and let {y;} be
a sequence define by

Yr+1 = Pp (BeF (ve) + (1 = Bi)w) , Yk > 1, '

let (xg,x1) € S be chosen arbitrarily, with py € (0,4) such that ]igflpk(él— pr) >0,
and let By, € (0,1) with Y oo, Br = o0 and klim 8. = 0. Additionally, (1—8r(1—
—00

)4 — pr)pr > 0. The step size is defined as Ay := %. Then y, —y € S.

Corollary 3.5. Suppose that condition C1 and C2 are satisfied, and let {y;} be
a sequence define by

{ Y1 = Pp <5k.7:(yk) + (1= Br) (yk - )\kvg(yk)> );Vk > 1, (3.17)
let (xg,x1) € S be chosen arbitrarily, with py € (0,4) such that Ii€r>1f1pk(4— pr) >0,
and let By, € (0,1) with Y oo, B = oo and klim B = 0. Additionally, (1—Br(1—

—00

) (4 — px)pr > 0. The step size is defined as Ay, := Hg’;g(;i’“))ug. Then yp —y € S.

Proof. Algorithm was proposed by Yoa et al., [20], and the proof follows
directly from Corollary [3.5] by taking v, = yx.

OJ

CONCLUSION

This study successfully introduces and analyzes novel viscosity-based inertial
gradient algorithms for solving the Split Feasibility Problem (SFP) in infinite-
dimensional Hilbert spaces. Our primary contributions are fourfold.

First, we developed a new iterative scheme (Algorithm that effectively
integrates new inertial techniques—inspired by Polyak’s heavy-ball method —
with the strong convergence guarantees of viscosity methods.

Second, we incorporated a self-adaptive step size defined by

Ay o= 00
IV (w2

This design entirely eliminates the dependency on the operator norm || B*B||,
which is often computationally challenging to obtain in practice.
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Third, we have rigorously established the strong convergence of the generated
sequence {y} to a solution of the SFP under mild and standard assumptions.

Finally, our results serve as a significant extension of numerous existing algo-
rithms in the literature. For instance, our method generalizes the work of Yao et
al. [20] (Corollary. Furthermore, by setting 7, = a3 = [ = 0, our algorithm
reduces to those studied by Anh et al. [I] and Byrne [3].
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