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SOME FIXED POINT RESULTS FOR REICH TYPE
CONTRACTION MAPPINGS IN BIPOLAR METRIC SPACES
WITH APPLICATIONS

KANAYO S. EKE* AND HUDSON AKEWE

ABSTRACT. In this study, we present the novel idea of contravariant mappings
with Reich convex contraction type in bipolar metric spaces, contributing to
the understanding of distances between disparate entities. Furthermore, we
establish the existence of a singular fixed point for contravariant mappings of
Reich convex contraction-type within complete bipolar metric spaces. Our in-
vestigation extends to obtaining solutions for integral and fractional differential
equations through the application of this operator. To validate our findings,
we presented examples to illustrate the implications of the results.

1. INTRODUCTION

In 1906, Frechet[3] introduced the concept of a metric space with a domain
consisting of the product of an arbitrary non-empty set. Subsequently, many
researchers expanded upon this space by either relaxing the axioms or modifying
the distance function. Specifically, Mutlu and Gurdal [9] extended the metric
space by broadening the domain of a metric to the product of two distinct non-
empty sets.

Imaga et al. [0] resolved a fractional-order p-Laplacian boundary value prob-
lem involving left Caputo fractional derivatives on the half-line. Gurdal et al.
[5] introduced contractive-type covariant and contravariant mappings in bipolar
metric spaces, proving fixed point theorems for these operators in complete bipo-
lar metric spaces. Recently, Gaba et al. [4] established the existence of a unique
fixed point for Reich contraction mapping in bipolar metric space.

In 1981, Istratescu [7] generalized Banach contraction mappings in [I] by in-
troducing the convexity condition, thereby creating another class of mappings
known as convex contraction mappings. Istratescu[7] demonstrated fixed point
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theorems for convex contraction mappings, including the Reich convex contrac-
tion mapping, in a metric space. This result was later extended to Hardy and
Rogers convex contraction mappings of type 2 by Eke et al. [2]. The authors in
[2] verified the existence of unique fixed points for these operators in a complete
metric space, applying the results to establish solutions for nonlinear Fredholm
integral equations.

Nallaselli et al. [10] proved the existence of a unique fixed point for alpha-f-convex
contraction mappings in complete metric spaces, using the result to establish the
solution of an integral equation. For the purpose of this research, the outcome of
Istratescu [7]’s work is adopted.

It is our aim in this study to introduce the concepts of contravariant mappings
with Reich convex contraction and establish the fixed point theorem for this op-
erator in bipolar metric spaces. Removing the contravariant condition from this
newly introduced operator yields the result presented by|[7] within the framework
of metric spaces. Similarly, removing the convexity condition from this newly
introduced operator leads to the result obtained by [4].

2. PRELIMINARIES

We shall need the following definitions and theorems by previous authors in
proving our main results:

Definition 2.1. [9] Let X and Y be nonempty sets and d : X X Y — R* be
a function where R* denotes the set of nonnegative real numbers. Consider the
following :

(i) d(z,y) = 0 if and only if x = y for all (z,y) € X x Y

(ii) d(z,y) = d(y,z) for all z,y € X NY;

(iil) d(x1,y2) < d(x1,11) + d(xe,y1) + d(xe,y2) for all x1,29 € X and y1,y2 € Y.
Then, the triple (X,Y,d) is called a bipolar metric space.

The set X and Y are respectively called the left pole and the right pole of (XY, d).

Let (X1, Y1, dy) and (Xa, Y5, ds) be bipolar metric spaces and f : X;UY; — XoUY;
be a function. If f(X;) C X5 and f(Y;) C Y, then f is called covariant map and
it is written as f: (X1,Y1,d1) =2 (Xo, Yo, do). If f: (X1, Y1,d1) S (Xo,Ya,ds) is
a map, then f is called a contravariant map from (X, Y1, d;) to (X, Ys, da).

Theorem 2.2. [4] Let (X,Y,d) be a complete bipolar metric space and F :
(X,Y,d) = (X,Y,d) be a contravariant map such that there exist constants
ai,as,a3 > 0 with a; + as + ag < 1 so that

d(fy7 fl') < a’ld(xv y) + agd(l‘, f:C) + aBd(fyu y),

whenever (z,y) € X X Y. Then the function f: X UY S X UY has a unique
fixed point.

The following results are found in [7].
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Definition 2.3. Let X be a complete metric space and f : X — X be a contin-
uous self mapping. Then, f is said to be a convex contraction of order 2 if there
exist a,b € (0,1) such that for all z,y € X,

d(f?z, f2y) < ad(fz, fy) +bd(z,y),

where a + b < 1.

Definition 2.4. Let X be a complete metric space and f : X — X be a con-
tinuous self mapping. Then, f is called Kannan two- sided convex contraction
mappings if there exist positive numbers aq, as, by, bs € (0,1) such that the fol-
lowing inequality holds:

d(fzxv ny) S ald(xa fl’) =+ a2d(f$7 f2I> + bld(ya fy) + b2d(fy7 f2y)7
for all x,y € X and a; + as + by + by < 1.

Theorem 2.5. Let f be a continuous self mapping of a complete metric space
satisfying the condition:

d(foa fzy) S ald(wv y) + CZQd(fiL', fy) + bld(x> fl’) + de(fx> f2.1')
+ed(y, fy) + c2d(fy, f2y),

where 0 < ay;+ag+by +by+c1 +co <1 distinct x,y € X. Then, f has a unique
fized point.

3. RESuULTS

Within this section, we provide the definition of contravariant mappings with
Reich convex contraction in bipolar metric spaces and establish the existence of
a unique fixed point for this operator within such spaces. Furthermore, we offer
two illustrative examples to validate the obtained results.

Definition 3.1. Let (X, Y, d) be a bipolar metric space, f: (X,Y,d) S (X, Y, d)
be a contravariant map, and aq, as, b1, ba, ¢1, co > 0 be constants. f is called Reich
convex contraction contravariant mappings if the following conditions hold:

d(fz, fPy) < ad(z,y) + axd(fx, fy) + bid(z, fx) + bod(fz, f22)
+ard(y, fy) + c2d(fy, fPy),

where 0 < ay + as + by + by + ¢1 + ¢o < 1, whenever (z,y) € X x Y.
Example 3.2. Let X = {0,1,2,7}, Y = {1,313} andd : X xY — R be

’ 49 9
defined by d(x,y) = |z — y| for all (z,y) € X x Y. Then (X,Y,d) is a complete
bipolar metric space. Define f : XUY = XUY by fo =2 +1 forallz € XUY,

Then f is called Reich convex contraction contravariant mappings.

Theorem 3.3. Let (X,Y,d) be a complete bipolar metric space and f be Reich
convex contraction contravariant mappings. Then the function f : XUY S XUY
has a unique fixed point.
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Proof. Let xyp € X and yg € Y then we define y, = f(x,) and z,41 = fy, for
each n > 0. Thus (z,,y,) is a bisequence in (X, Y, d).

d(Tny1, Yns1) = d(]dxna f2yn)
< ard(Tp, Yn) + a2d(fTn, fYn) + 01d(Tn, frn) + bod(f2n, f233n)
+erd(Yn, fyn) + c2d(fyn, F2Yn)
= a1d(Zp, Yn) + a2d(Yn, Tnt1) + b1d(Tn, Yn) + b2d(Yn, Tnt1)
+c1d(Yn, Tna1) + C2d(Tpat, Yni1)
= (a1 + b1)d(zn, yn) + (a2 + ba + c1)d(Yn, Tnt1) + 2d(Tnt1, Ynt1)
= (a1 + by + as + by + c1)max{d(xn, yn), d(Yn, Tni1)}
+Cod(Tni1, Yny1)
< X maz{d(zn, Yn), A(Yn, Tni1)}s

where \ = @thitartbera o If max {d(zn, yn), d(Yn, Tns1)} = d(2n,y,), then

1—c2
we have d(Zp41, Ynt1) < Ad(Zn, Yn).
Consequently,

A(Tnt1,Ynt1) < Ad(Tn, Yn)

< N (o, Yo)- (3.1)

Suppose max {d(,, Yn), d(Yn, Tns1)} = d(Yn, Tns1), then we have

d<xn+17 yn+1) S Ad(yna xn—i—l)

and

A(Yns Tpt1) = d(fzyn—lv f235n)
< ard(Yn—1, Tn) + a2d(fyn—1, fr5) + b1d(Yn-1, [Yn-1)
+b2d( fYn—1, nyn—1> +c1d(@n, frn) + cd(fan, f2yn—1)
= a1d(Yn—1,Tn) + a2d(Tn, Yn) + b1d(Yn—1, Tn) + bad(Tn, Yn)
+a1d(@n, Yn) + c2d(Yn, Yn)
= (a1 + b1)d(Yn-1,7n) + (a2 + b2 + c1)d(2p, yn)
= (a1 + by + azs + by + c1)max{d(yn_1, ), d(zp, yn) }
< kmaz{d(yn-1,2s), d(Tn, yn)}
< kd(n, Yn),

where k = a; + by + as + by + ¢; < 1. Consequently,

Ad(Yny Tny1) < kd(zn,yn)

< W d(ao, o). (3.2)
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In view of (3.1)

, (3.2) and for positive integers m and n, we have
d(Tp,ym) < d(x
<

ns yn) + d($n+1> yn) + d(xn+17 ym)
()\n + kn+1>d(:€07 yO) + d<xn+17 ym)

<A KT 4 E™Yd (0, v0)- (3.3)
For m > n,

d(l"n, ym) § d(xm-&-l? ym) + d(xm-i-la ym-i—l) + d(xm ym+1>
S (kn + )\n—H)d(l’Oa yO) + d(xna ym+l)

< (K" 4+ X4 ™Y (0, o). (3.4)
Since A < 1 and k < 1, it implies that d(x,, y,,) can be arbitrarily small by larger
m and n, hence (z,,y,) is a Cauchy bisequence. Since (X,Y,d) is complete,
(n, Ym) is convergent and it is biconvergent since it is convergent Cauchy bise-
quence. Let r be the point to which (z,,y,,) biconverges. Then x,, — r, y, — r
and r € X x Y. Also, y, = fx,, = fr. Since {y,} has a limit in X NY, then the
limit is unique. Hence fr =r and so f has a fixed point.
Suppose there is a different fixed point of f say v such that fv = v, then it implies
that v € X NY. Since v, = f*ypn_1 — f?r and y, = fx, — fr, we have that
fr= fr.
Hence,
d(’U, T‘) = d(f2’U, fgr) < ald(va T) + CLQd(fU, fT) + bld(vv fU) + de(fva fgv)
—{—Cld(’l“, f’l") + CQd(fr7 fQT)
= ard(v,r) + axd(v,r)
= (a1 + az)d(v,r).
Since a; + as < 1, then d(v,r) = 0. Hence r = v. O

If ¢; = co = 0 in Theorem 3.2, then we obtain the following result.

Corollary 3.4. Let (X,Y,d) be a complete bipolar metric space and f be Kannan
convex contraction contravariant mappings. Then the function f : XUY S XUY
has a unique fixed point.

If by = by = c1 = co = 0 in Theorem 3.3 then, we obtain the following result.

Corollary 3.5. Let (X,Y,d) be a complete bipolar metric space and f be convex
contraction contravariant mappings. Then, the function f: X UY S X UY has
a unique fized point.

Remark 3.6. (i) If ag = by = ¢o = 0 and the order of the mapping is one, then
Theorem 3.3 reduces to the result of [4] (Theorem 1).

(ii) If the contrvariant condition is remove from the operator of Theorem 3.3 and
by = by = ¢; = ¢co = 0 then we obtain the result of [7] for convex contraction
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mappings.

(iii) if ag = by = by = ¢; = ¢ = 0 and the order of the mapping is one then
Theorem 3.3 reduces to the result of [9] (Theorem 5.2).

Example 3.7. Let X = {5,6,11,17} and Y = {2,4,11,20}. Defined : X XY —
[0, 00) as the usual metric, d(z,y) = |z —y|. Then the triple (X,Y,d) is a bipolar
metric space. The contravariant mapping f: X UY S X UY, is defined by

11, if = € X U {20},
fe=
z? 1 . _
7+ﬁ7 fo_Qa

whenever (z,y) € X x Y we obtain

|fr — fyl < la® =y <[z —y] .

2 2
2. 2 _ oy i2_ y i2
L B Ve V! 1
=I5t 9 196 19 19 196
4 2 4 2
_ x_+x__y__y_‘
49 49 49 49
1
:4—9|x4—y4+x2—y2|
< o=yl + =\ fa— fyl = 2d(z,y) + —d(f, fy)
=7 Yy 14 Yy 7 Y 14 »JY
1 1 1 1
<2 4 1 L 2
1 1
—d —d 2.

Thus, the conditions of Theorem 3.3 are satisfied and {11} € X NY is the unique
fixed point of f.

4. APPLICATIONS

This section deals with the utilization of Theorem 3.3 to establish the solutions
of integral and fractional differential equations as follows.

4.1. An Application to Integral Equation. In this study, we investigate the
existence and uniqueness of solutions for an integral equation.

Theorem 4.1. Consider the integral equation

fO@) = 1@+ [ Kegaose e XUY.
XUY
where X UY is a lebesque measurable set. Suppose
(i) K : (X?UY?) x [0,00) = [0,00) and f € L>®(X) U L>*(Y), satisfies
K (z,y, f(7(s5))) = K(z,y, f(B(s))] < ailw —y|+as|fr — fyl+ bz — [zl
+ho| fo — f2a| +ely — fyl + ol fy — f2yl,
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for (z,y) € (X*UY?) and a1, az,b1,by,c1,¢2 € 0, 1) with [y, ds < 1. Then, the
integral equation has a unique solution in L>=(X)U L>(Y).

Proof. Let A = L*>*(X) and B = L*°(Y) be two normed linear spaces, where X
and Y are Lebesgue measurable sets and m(X UY) < co. Consider d: A x B —
[0,+00) to be defined by d(z,y) = ||z — y||e for all (z,y) € A x B. Then
(A, B,d) is a complete bipolar metric space. Define the contravariant mapping
f:AUB S AUB by

fOy(@) = f(x) + [xuy k(z,y,7(s))ds , where z € X UY.

Then,

d(f*y(x), f28(x)) = || fy(z) = f28()|]

= | [xuy Bz, y, f(1(8))ds — [y k(2 y, F(B(s)))ds]

< Sxoy By, f(7(s)) = k(z, y, f(B(s)))|ds

< Jxuy(ailx(s) = y(s)| + ao| fz(s) — fy(s)| + bilz(s) — f(s)]
+ba|f(s) — fPa(s) + cily(s) — fy(s) + col fy(s) — fPy(s)|)ds
< (a1+a2—|—bl+b2—|—cl+02)

Jxoy maz{|z(s) —y(s)l, [fz(s) — fy(s)],|z(s) — fa(s)],
|fx(s) = fPx(s)|, ly(s) — fy(s)| [fu(s) — fy(s)|}ds

= kmaz{|z(s) —y(s)], |[fx(s) — fy(s)|, [x(s) — fr(s)],

|f(s) — fa(s)|, ly(s) — fy(s)], [fy(s) = FPy(s)]} [y ds
e T e T [0

Therefore, the contravariant mapping f has a unique solution in AU B according
to Theorem 3.3.

4.2. An Application to Fractional Differential Equation. Consider the fol-
lowing fractional differential equation:

“Drp(e)+fp,p(p) =0, 1< <0,2< > 1, p(0) =p(1) =0, (4.2.1)

where f is a continuous function from [0,1] x R — R and °D* represent the
Caputo fractional derivative of order p and it is defined by

e o 1 1 7 (e)de
D! = e Jo ey

Let A = (C[0,1],[0,00)) be the set of all continuous functions defined on [0, 1]
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with values in the interval [0,00) and B = (C|0, 1], [0, 00)) be the set of all con-
tinuous functions defined on [0, 1] with values in the interval [0, co).

Consider d : A x B — R to be defined by d(p, p') = supucp1lp(r) — ¢/ (1),

for all (p,p') € A x B. Then (A, B,d) is a complete bipolar metric space.

Theorem 4.2. Consider the fractional differential equation in (4.2.1). Assuming
that the following conditions hold:
(i) there exists p € [0,1], 5 € (0,1) and (p,p’) € A x B such that

|f(0,0) = [0, 0)] < and(p(e), /(@) + axd(fp(p), f'(¢)) + brd(p(w), fr(¥))
+bod(fp(p), F2p()) + c1d(p (), 7' ()
+ead(fp'(0), 20 (),

(i1) suppeo ) Jy |G, e)ldg < 1.
Then, the FDE(4.2.1) has a unique solution in AU B.

Proof. Equation (4.2.1) is equivalent to p(¢) = fol G(p,e)f(p,ple))de

where

lp(l—e)|#~1—(p—e)#!
z p(#)(p 70§€§<P§17

G(QD, 6) =

el p<p<e<l.

Define the contravariant mapping F': AUB < AU B by

= Ji Glp,e)f(p. ple))de.

If px is the fixed point of f then px* is the solution to the problem (1).
Now

(0. 0) = P, = | f, G p(e))de — [ Glp,e)f (o, p/(e))de|
< Jy 1G(p.0)lde x [ 1 (0, p(e)) = f (. p'(e))|de

< |f(e,p) = fle, )

= a1d(p(p), p'(¢)) + azd(fp(0), f'(0)) + bid(p(p), fp(¥))

+oad(f (), [2p(0)) + crd(p' (), [/ () + c2d(f0'(0), [20' ()

< (a1 + az + b1+ by + ¢1 + co)maz{d(p(), p' (), d(f (), [ (),
d(p(e), fo(0)), d(fp(e), f2p(0)), d(p' (@), f'(0)), d(f P (). F2P' ()}

= Pmax{d(p(), p'()), d(fp(0), [ (), d(p(¢), (),

d(fp(e), 2p(9)), d(p' (), £/ (). d(f (). F2P'(0))}.
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Taking the supremum over ¢ on both sides gives

d(f?p, f2p') < B max{d(p, p'),d(fp, o), d(p, fp),d(fp, f*p),d(d, fo),d(fp', f*P)}
where § = a1 +ag + by + b+ ¢ +co < 1 for (p,p') € (A x B). Hence the
contravariant mapping f has a unique fixed point in AU B according to Theorem
3.3. Thus the fractional differential equation (4.2.1) has a unique solution.

5. CONCLUSION

In conclusion, this study introduces the category of contravariant mappings
into the pre-existing realm of Reich convex contraction mappings within bipo-
lar metric spaces. The existence and uniqueness of these contraction mappings
are established within the context of bipolar metric spaces. Utilizing the fixed
point results of this new operator, solutions for integral and fractional differential
equations are derived. Moreover, this outcome has the potential for extension to
diverse abstract spaces and application in solving a range of differential equations
beyond the scope of this research.
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