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BI-G-STARLIKE FUNCTION ASSOCIATED WITH
NORMALIZED ONE VARIABLE GEGENBAUER AND

BELL-SHEFFER POLYNOMIALS INVOLVING GREGORY
COEFFICIENTS

IBRAHIM TUNJI AWOLERE AND ADENIYI MUSIBAU GBOLAGADE∗

Abstract. In this enquiry, applying normalized one variable Gegenbauer and
Bell-Sheffer Polynomials, the authors introduce a new class of bi-G-starlike
functions defined by Gregory and Caratheodory coefficients. Coefficient bounds
for the new class were obtained and were consequently used to investigate the
concept of Fekete-Szego functional and Toeplitz determinant in this direction.

1. Introduction

The branch of complex analysis that studies the multitude of geometric char-
acteristics of analytic functions is called geometry function theory. It commenced
in the mid-1900s, it has persisted as one of the most vibrant aspect of geome-
try that has been captivating critical development for research focuses. Louis
de Branges answered the ”Bieberbach conjecture” [16] in 1984, opening up new
avenues and methods for the study of geometric function theory [14]. Finding
fresh observational and theoretical insights in this subject with a range of appli-
cations is crucial for us. One of the most exquisite aspect of geometric function
theory is the theory of univalent functions. Numerous fields, including contempo-
rary mathematical physics, fluid dynamics, non-linear integrable system theory of
partial differential equations, computer science, electrostatic potential, and heat
conditions as well as statistics, are among those that continue to find novel uses
for it [13]. Koebe was the first to introduce the notion of univalent function [25].
He started by applying the traditional Reimann mapping theory. Its original
source is the Koebe paper.
A simply-connected domain that is analytic function g(z) is said to be univalent if
it never takes the same value twice [18,33]. The most intriguing part of geometry
is probably how it interacts with analysis. The concept of the theory of univalent
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functions was introduced in early nineteen century and has found its use in solv-
ing a broad range of problems in hydrodynamic, aerodynamics, thermodynamics,
electrodynamics, natural sciences and neural network.
Let the functions g(z) be regular in the unit disk D = {z ∈ C : |z| < 1} and the
function is considered to have have a Maclaurin series expansion of the form

g(z) = b0 + b1z + b2z
2 + b3z

3 + .... =
∞∑
k=0

bkz
k. (1.1)

Normalizing equation (1.1) we have

g(z)− b0 = b1z + b2z
2 + b3z

3 + .... =
∞∑
k=1

bkz
k. (1.2)

Dividing eqn (1.2) by b1, we get

g(z)− b0
b1

= z +
b2
b1
z2 +

b3
b1
z3 +

b4
b1
z4 + .... =

∞∑
k=2

bkz
k + ... = z +

∞∑
k=2

bk
b1
zk. (1.3)

If we let f(z) = g(z)−b0
b1

, then

f(z) = z +
∞∑
k=2

akz
k, z ∈ D (1.4)

where

ak =
bk
b1
, for k = 2, 3, 4, , D = {z ∈ C : |z| < 1} with f(0) = f ′(0)− 1 = 0.

The classes of starlike, convex and close-to-convex functions consist of functions
f ∈ A with the geometric representation which are given in eqn (1.5) to (1.7) in
the form

Re

(
zf ′(z)

f(z)

)
> 0, (1.5)

Re

(
1 +

zf ′′(z)

f ′(z)

)
> 0 (1.6)

and

Re

(
zf ′(z)

g(z)

)
> 0, (1.7)

respectively, where g in eqn (1.7)denote the class of starlike function.
Just of recent, echelon of researchers [7, 8, 9, 23, 33] investigated the approach
introduced by the author in [11] and this consequently improved the class of A.
In particular, the class of λ−pseudo starlike functions that is denoted by Lλ(β)
has geometric representation of the form

Re

(
zf ′(z)λ

f(z)

)
> β (1.8)
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for 0 ≤ β < 1 and λ ≥ 1 and λ is real.
The classes of F− starlike and F− convex functions represented by FS∗ and FC,
respectively, which are characterized by

Re

(
F (z)f ′(z)

f(z)

)
> 0, (1.9)

Re

(
1 +

F (z)f ′′(z)

f ′(z)

)
> 0 (1.10)

respectively. The special case for the inequality in eqn (1.10) takes the form
f(0) = 0 and this suggest that the real is greater than 0. For (9) and (10) see [1,
4, 5, 6, 29, 30].
Bi-univalent functions play crucial role in geometric function theory and these
are in literature. On the other hand a function that is both onto(also known
as surjective) and injective (sometime known as one-to-one) is called bijective.
The discipline of complex analysis is where the idea of a ”bi-univalent function”
usually appears. A function that is both onto (also known as surjective) and in-
jective (sometimes known as one-to-one) is called bi-univalent. Put more simply,
it is a function that maps each input value to a distinct output value, with a
corresponding input value for each output value. Mbius transformation is among
the most well-known transformation that supports the concept of bi-univalent
function. The evolution of geometric characteristic as a whole support the study
of the functions of complex variables which invariably are closely related to the
concept of bi-univalent functions. The special properties that are observed injec-
tivity and subjectivity by several researchers have huge importance in varieties of
mathematical settings such as mapping of a real in the complex plane, conformal
mapping and it is application in physics and engineering. Furthermore, univalent
function f along with its inverse f−1 takes the form

f−1(f(z)) = z (z ∈ D)

and

f−1(f(w)) = w, (|w| < r(f); r0(f) ≥ 1

4
),

where

f−1(w) = w − a2w2 + (2a22 − a3)w3 + ... (1.11)

A function f ∈ A is said to be bi-univalent in D if both f(z) and f−1(z) are
univalent in D and it is represented by

∑
. The authors in [24] and [15] stud-

ied the concept of bi-univalent functions from interesting perspectives and they
established useful sharp estimates. The authors in [32] also introduced and in-
vestigated from extended from extended perspective two classes of bi-univalent
and obtained useful result. Consequently , different authors [6-10, 20, 21, 22, 25]
have investigated and examined the various classes of bi-univalent functions.
Furthermore, in the recent past some authors looked into new sets of Sheffer and
Brenke polynomials based on higher order Bell numbers with special consider-
ation for exponential and logarithm polynomials for exponential and logarithm
polynomials were investigated and special cases were pointed out. For more on
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Bell-Sheffer polynomial sets see [17, 26, 27, 28, 31]. Bell polynomials and Shef-
fer sequences have diverse applications across various branches of mathematics,
including combinatorics, probability theory, mathematical physics, and control
theory. They provide powerful tools for analyzing and solving problems in these
areas
Of particular interest to the present research is the recent work of Natalini and
Ricci [28] where the authors considered the Sheffer polynomials defined through
their generating functions as follows

A(z)Er(z) + 1 = eEr−1(z), H(t) = Er−1(z)

G(z, x) = exp[(1 + x)Er−1(z)] =
∞∑
k=0

χ
(r)
k (x)

z

k!
(1.12)

where x ∈ N ∪ {0}, r ∈ N = {1, 2, 3, ...}.
We observed that Bell-Sheffer polynomial sets denoted by G(z, x) does not belong
to the family of analytic univalent functions. Thus, we provide normalization
using convolution (Hadamard) principle as

Φ(z) = f(z) ∗G(z, x) = f(z) ∗ exp[(1 + x)Er−1(z)] = z +
∞∑
k=2

χ
(r)
k−1(x)

(k − 1)!
akz

k,(1.13)

which means

Φ(z) = z +
∞∑
k=2

χ
(r)
k−1(x)

(k − 1)!
akz

k.

Netalini and Ricci [28] showed the first few values of Bell-Sheffer polynomials

χ
(1)
k (x), for r = 1 is defined by generating function (7)2 as follows

χ
(1)
0 (x) = 1,

χ
(1)
1 (x) = x+ 1,

χ
(1)
2 (x) = x2 + 3x+ 2

χ
(1)
3 (x) = x3 + 6x2 + 10x+ 5

χ
(1)
4 (x) = x4 + 10x3 + 31x2 + 37x+ 15

χ
(1)
5 (x) = x5 + 15x4 + 75x3 + 160x2 + 151x+ 52

and they also show the first few values for Bell-Sheffer polynomials χ
(2)
k (x) ,

defined by the generating function (7)2

χ
(2)
0 (x) = 1,

χ
(2)
1 (x) = x+ 1,

χ
(2)
2 (x) = x2 + 4x+ 3,

χ
(2)
3 (x) = x3 + 9x2 + 20x+ 12,

χ
(2)
4 (x) = x4 + 16x3 + 74x2 + 119x+ 60,

χ
(2)
5 (x) = x5 + 25x4 + 200x3 + 635x2 + 817x+ 358.
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Let p represent the class of the Caratheodory functions with the representation

p(z) = 1 +
∞∑
k=1

pkz
k, (1.14)

with the conditions Rep(z) > 0 and p(0) = 1.
The functions which has the representation

v(z) =
z

log(1 + z)
=
∞∑
k=0

∆kz
k = 1 +

1

2
z − 1

12
z2 +

1

24
z3 − 109

720
z4 + ... (1.15)

referred to as Gregory coefficient and for more information, the reader should see
[25]. Gregory coefficients was named after James Gregory in 1670 in numerical
integration context also refer to reciprocal logarithmic numbers, Bernoulli num-
bers of second kind , or Cauchy numbers of the first kind are decrease rational
numbers 1

2
, − 1

12
, 1

24
, −109

720
, ... which occur in expansion of the reciprocal loga-

rithm.
Gegenbauer polynomials or ultraspherical polynomials C

(α)
k (x) are orthogonal

polynomials on the interval [−1, 1] with respect to the weight function (1−x2)α− 1
2 .

The generalize Legendre polynomials and Chebyshev polynomials, and are special
cases of Jacobi polynomials. Amourah [2] applied Gegenbauer polynomial in the
direction of geometric property that align with caratheodory functions in order to
investigate coefficient bounds. Gegenbauer polynomials have diverse applications
across various branches of mathematics and its applications, including approxi-
mation theory, mathematical physics, numerical analysis, signal processing, and
statistics. They provide valuable tools for solving problems in these areas and
are widely used in theoretical and applied research. The authors in [3, 12] inves-
tigated Gegenbauer polynomial involving some characterization from interesting
directions. Further, a normalized one variable Gegenbauer polynomial [30] is of
the form

G(z,m) = z +
∞∑
k=2

Cγ
k−1(m)zk, (1.16)

where γ > −0.5. The first k coefficients of the representations are

Cγ
0 (m) = 1,

Cγ
1 (m) = 2γm,

Cγ
2 (m) = 2γ(γ + 1)m2 − γ, ,

Cγ
3 (m) =

4γ(γ + 1)(γ + 2)

3
− 2γ(γ + 1)m

and

Cγ
k (m) =

2m(k + γ − 1)Cγ
k−1(m)− (k + 2γ − 2)Cγ

k−2(m)

k
. (1.17)

Equation (16) can also be obtained from integral representation of the form

%(z) =

∫ 1

−1
G(z,m)dµ(m),
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where

G(z,m) =
z

(1− 2mz + z2)γ
(1.18)

and here µ is a probability measure on the interval [−1, 1]. We notice that by
γ = 1 in (1.18) we have the popular Chebyshev polynomial while setting γ = 0.5,
(1.18) will produce the Legendre polynomial.
Now, by (11) and (16) we have the form

g−1(m, w) = w − [Cγ
1 (m)]w2 + (2[Cγ

1 (m)]2 − [Cγ
2 (m)])w3 + ... (1.19)

In the same vain, by (11) and (13) we conclude that

g−1(w) = w−[X
(r)
1 (x)]a2w

2+
(
2a22 − a3

) [X
(r)
2 (x)]

2
w3−

(
5a32 − 5a2a3 + a4

) [X
(r)
3 (x)]

6
w4+....

(1.20)
Not too long ago, Olatunji et al.[30] investigated G-starlike functions by using
the convolution of error and generalized distribution functions defined in terms of
subordination associated with Carathodory, Bell numbers, and modified sigmoid
functions for a specific class of functions. Their work aimed to find the early
coefficient bounds and establish the usual FeketeSzeg inequalities. Therefore, our
motivation is derived from their research to explore the possibility of finding the
inverse of G-starlike functions defined by the Bell-Sherffer polynomial subordinate
to Carathodory and Gregory coefficients.
Assuming g(z) is analytic and univalent in D. If f(z) is analytic in D, f(0) =
g(0), and f(D) ⊂ g(D), then we observe that f(z) is subordinate g(z) which is
write as f(z) � g(z). For details see [19].
Definition 1.1: A function f ∈ A is said to be in the class GS∗∑(m, x, r, γ) if
the subordination holds:

G(z,m)Φ′(z)

Φ(z)
≺
√

1 + z (1.21)

and

g−1(w,m)(g−1(w))′

g−1(w)
≺
√

1 + w. (1.22)

Definition 1.2: A function f ∈ A is said to be in the class GS∗∑(m, x, r, γ) if
the subordination holds:

G(z,m)Φ′(z)

Φ(z)
≺
√
ν(z) (1.23)

and

g−1(w,m)(g−1(w))′

g−1(w)
≺
√
ν(w) (1.24)

for m ∈ [−1, 1], x ∈ NU{0}, r = {1, 2, 3, ...}, γ ≥ 1 with condition G(0) = 0.
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2. Result

The main focus of this paper is to investigate the coefficient problems for the
class of bi-univalent function ΘSm∑(r, x, γ) defined in this study. The coefficient

estimates are obtained using the Carathodory function p(z) defined by (1.14), the
Gregory coefficient (15) and Bell-Sherffer polynomials generated by the function
given in (21) involving functions associated with Gegenbauer polynomials.

Theorem 2.1.Let f(z) be form (1.1) and p(z) defined by (1.14). Then f ∈
ΘSm∑(r, x, γ), if

|a2| ≤

∣∣∣∣∣∣−12[X
(r)
1 (x)][Cγ

1 (m)]±
√

144[X
(r)
1 (x)]2[Cγ

1 (m)]2 −M1

2
{

2[X
(r)
2 (x)] + 3[X

(r)
1 (x)]2

}
∣∣∣∣∣∣ (2.1)

|a3| ≤

∣∣∣∣∣M2 + 2[X
(r)
1 (x)]2 {8[Cγ

1 (m)]2 − 8[Cγ
2 (m)] +m2 − v2}

16[X
(r)
1 (x)]2[X

(r)
2 (x)]

∣∣∣∣∣ (2.2)

∣∣a3 − σa22∣∣ ≤ 1

16[X
(r)
1 (x)]2[C

(r)
2 (x)]

∣∣M3 − σ
{
m2

1 + 16[Cγ
1 (m)]2 − 8[Cγ

1 (m)]m1

}∣∣
(2.3)

where
M1 =

{
2[X

(r)
2 (x)] + 3[X

(r)
1 (x)]2

}{
28[Cγ

1 (m)]2 −m2 − v2
}
,

M2 =
{
m2

1 + 16[Cγ
1 (m)]2 − 8[Cγ

1 (m)]m1

}
[X

(r)
2 (x)],

M3 = M2 + 2[X
(r)
1 (x)]2

{
8[Cγ

1 (m)]2 − 8[Cγ
2 (m)] +m2 − v2

}
.

Proof. In view of (1.21) and (1.22) and that G(m, z) is symmetric and commu-
tative with G(z,m) it shows that

G(m, z)Φ′(z)

Φ(z)
=
√

1 + v(z) (2.4)

and
g−1(w,m)(g−1(w))′

g−1(w)
=
√

1 + ϕ(w). (2.5)

Thus
G(m, z)Φ′(z)

Φ(z)
= 1 +

{
[Cγ

1 (m)] + [X
(r)
1 (x)]a2

}
z

+
{

[Cγ
2 (m)] + [Cγ

1 (m)][X
(r)
1 (x)]a2 + [X

(r)
2 (x)]a3 − [X

(r)
1 (x)]2a22

}
z2 + ... (2.6)

and
g−1(w,m)(g−1(w))′

g−1(w)
= 1− (([Cγ

1 (m)] + [X
(r)
1 (x)]a2)w+

+
{

(2[X
(r)
2 (x)]− [X

(r)
1 (x)]2)a22 − [X

(r)
2 (x)]a3 + [X

(r)
1 (x)][Cγ

2 (m)]a2 + 2[Cγ
2 (m)]2 − [Cγ

1 (m)]
}
w2+....

(2.7)
We notice that√

1 +
m(z)− 1

m(z) + 1
= 1 +

m1

4
z +

(
m2

4
− 5m2

1

32

)
z2 + ... (2.8)



72 I.T. AWOLERE AND A.M. GBOLAGADE

and √
1 +

v(w)− 1

v(w) + 1
= 1 +

v1
4
z +

(
v2
4
− 5v21

32

)
w2 + .... (2.9)

We can write from (2.6)-(2.9) that

[Cγ
1 (m)] + [X

(r)
1 (x)]a2 =

m1

4
(2.10)

[Cγ
2 (m)] + [Cγ

1 (m)][X
(r)
1 (x)]a2 + [X

(r)
2 (x)]a3 − [X

(r)
1 (x)]2a22 =

m2

4
− 5m2

1

32
(2.11)

− ([Cγ
1 (m)] + [X

(r)
1 (x)]a2) =

v1
4

(2.12)

(2[X
(r)
2 (x)]−[X

(r)
1 (x)]2)a22−[X

(r)
2 (x)]a3+[X

(r)
1 (x)][Cγ

2 (m)]a2+2[Cγ
1 (m)]2−[Cγ

2 (m)]

=
v2
4
− 5v21

32
. (2.13)

In the light of (2.10) and (2.12)

m2
1 − v21 = 0, m3

1 + v31 = 0 (2.14)

and

32([Cγ
1 (m)]a2 + [X

(r)
1 (x)])2 = m2

1 + v21. (2.15)

Combination of (2.11) and (2.13) produces

(2[X
(r)
2 (x)]−2[X

(r)
1 (x)]2)a22+2[X

(r)
1 (x)][Cγ

1 (m)]a2+2[Cγ
1 (m)]2 =

1

4
[m2+v2]−

5

32
[m2

1+v
2
1].

(2.16)
Application of (2.14) and (2.15) on (2.16) together with simple computation re-
sults

4(2[X
(r)
2 (x)]+3[X

(r)
1 (x)]2)a22+48[X

(r)
1 (x)][Cγ

1 (m)]a2+(28[Cγ
1 (m)]2−m2−v2) = 0.

(2.17)
Using appropriate mathematical method on (2.17) yields the desire result.
Further, in view of (2.11) and (2.13)

2[X
(r)
2 (x)]a3 = 2[X

(r)
2 (x)]a22 + +2[Cγ

1 (m)]2 − 2[Cγ
2 (m)]

+
1

4
(m2 − v2)−

5

32
(m2

1 − v21). (2.18)

Hence, by (2.10) together with simple computation on the above equation pro-
duces the desire result.
Next, for f ∈ Θm∑(r, x, γ) and η ∈ R, then

a3 − ηa22 =
M3

16[X
(r)
1 (x)]2[X

(r)
2 (x)]

− σ {m2
1 + 16[Cγ

1 (m)]2 − 8[Cγ
1 (m)]m1}

16[X
(r)
1 (x)]2

which yields desired result after application of triangular inequality together with
simple mathematical computation.
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Theorem 2.2: Let f(z) be form (1.1) and p(z) defined by (1.15). Then f ∈
ΘSm∑(r, x, γ), if

∣∣a23 − a22∣∣ ≤
∣∣∣∣∣M2

3 − 16[X
(r)
1 (x)]2[X

(r)
2 (x)]2 {m2

1 + 16[Cγ
1 (m)]2 − 8[Cγ

1 (m)]m1}
256[X

(r)
1 (x)]4[X

(r)
2 (x)]2

∣∣∣∣∣
(2.19)

Proof. The proof follows from the the proof of Theorem 1.1 and we omit the
detail.

The next two theorems are concerned with the investigation of certain coefficient
problems for the class of functions ΘSm∑(r, x, γ) involving the Gregory coefficient

function given by (1.15).

Theorem 2.3:Let f(z) be form (1.1) and v(z) defined by (1.15). Then f ∈
ΘSm∑(r, x, γ), if

|a2| ≤

∣∣∣∣∣∣−136[X
(r)
1 (x)][Cγ

1 (m)]±
√

18456[X
(r)
1 (x)]2[Cγ

1 (m)]2 − 2Q1

4
{

6[X
(r)
2 (x)] + 25[X

(r)
1 (x)]2

}
∣∣∣∣∣∣ (2.20)

|a3| ≤

∣∣∣∣∣Q2 + 4[X
(r)
1 (x)]2 {16[Cγ

1 (m)]2 − 16[Cγ
2 (m)] + c2 − n2}

64[X
(r)
1 (x)]2[X

(r)
2 (x)]

∣∣∣∣∣ (2.21)

∣∣a3 − ηa22∣∣ ≤ 1

64[X
(r)
2 (x)][X

(r)
1 (x)]2

∣∣∣Q3 − η[X
(r)
2 (x)]

{
c21 + 64[Cγ

1 (m)]2 − 16[Cγ
1 (m)]c1

}∣∣∣
(2.22)

where

Q1 =
{

6[X
(r)
2 (x)] + 25[X

(r)
1 (x)]2

}{
272[Cγ

1 (m)]2 − 3c2 − 3v2
}

Q2 = [X
(r)
2 (x)]

{
c21 + 64[Cγ

1 (m)]2 − 16[Cγ
1 (m)c1]

}
,

Q3 = Q2 + 4[X
(r)
1 (x)]2

{
16[Cγ

1 (m)]2 − 16[Cγ
2 (m)] + c2 − n2

}
.

Proof. In view of (1.23) and (1.24) we conclude that

G(m, z)Φ′(z)

Φ(z)
=
√
ν(z) (2.23)

and
g−1(w,m)(g−1(w))′

g−1(w)
=
√
νw). (2.24)

We notice that√
1 +

1

2

(
c(z)− 1

c(z) + 1

)
− 1

12

(
c(z)− 1

c(z) + 1

)2

+
1

24

(
c(z)− 1

c(z) + 1

)3

− .. = 1+
c1
8
z+

(
c2
8
− 31c21

384

)
z2+...

(2.25)
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and√
1 +

1

2

(
n(w)− 1

n(z) + 1

)
− 1

12

(
n(w)− 1

n(w) + 1

)2

+
1

24

(
n(w)− 1

n(w) + 1

)3

− .. = 1+
n1

8
w+

(
n2

8
− 31n2

1

384

)
w2+...

(2.26)
We can write from (2.8), (2.9), (2.25) and (2.26) that

[Cγ
1 (m)] + [X

(r)
1 (x)]a2 =

c1
8

(2.27)

[Cγ
1 (m)] + [Cγ

1 (m)][X
(r)
1 (x)]a2 +

1

2
[X

(r)
2 (x)]a3 − [X

(r)
1 (x)]2a22 =

c2
8
− 31c21

384
(2.28)

− ([Cγ
1 (m)]a2 + [X

(r)
2 (x)] =

n1

8
(2.29)

(2[X
(r)
2 (x)]−[X

(r)
1 (x)]2)a22−[X

(r)
2 (x)]a3+3[X

(r)
1 (x)][Cγ

2 (m)]a2+2[Cγ
2 (m)]2−[Cγ

1 (m)]

=
n2

8
− 31n2

1

384
. (2.30)

We omit remaining part of proof since its similar to rest of Theorem 1.

Theorem 2.4: Let f ∈ ΘSm∑(r, x, γ) and v(z) defined by (1.15). Then∣∣a23 − a22∣∣ ≤ 1

4096[X
(r)
2 (x)]4[X

(r)
1 (x)]2

∣∣∣Q2
3 − 64[X

(r)
2 (x)]2[X

(r)
2 (x)]2Q4

∣∣∣ , (2.31)

where
Q4 =

{
c21 + 64[Cγ

1 (m)]2 − 16[Cγ
1 (m)]c1

}
.

Proof. The proof is similar to that of Theorem 2 and we omit the detail.
Remark:The correct implementation

3. Discussion

Varying parameters γ, r, x known and new results will be arrived at.

Corollary 3.1.Let f(z) be form (1.1) and p(z) defined by (1.14). Then f ∈
ΘSm∑(1, x, γ), if

|a2| ≤

∣∣∣∣∣−12[x+ 1][Cγ
1 (m)]±

√
144[x2 + 2x+ 1]2[Cγ

1 (m)]2 −M4

2 {5x2 + 12x+ 7}

∣∣∣∣∣ (3.1)

|a3| ≤
∣∣∣∣M5 + 2(x2 + 2x+ 1) {8[Cγ

1 (m)]2 − 8[Cγ
2 (m)] +m2 − v2}

16(x2 + 2x+ 1)(x2 + 3x+ 2)

∣∣∣∣ (3.2)∣∣a3 − σa22∣∣ ≤ 1

16(x2 + 2x+ 1)(x2 + 3x+ 2)

∣∣M6 − σ
{
m2

1 + 16[Cγ
1 (m)]2 − 8[Cγ

1 (m)]m1

}∣∣
(3.3)

where
M4 =

{
5x2 + 12x+ 7

}{
28[Cγ

1 (m)]2 −m2 − v2
}
,

M5 =
{
m2

1 + 16[Cγ
1 (m)]2 − 8[Cγ

1 (m)]m1

}
(x2 + 3x+ 2),

M6 = M5 + 2(x2 + 2x+ 1)
{

8[Cγ
1 (m)]2 − 8[Cγ

2 (m)] +m2 − v2
}
.
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Corollary 3.2.Let f(z) be form (1.1) and p(z) defined by (1.14). Then f ∈
ΘSm∑(2, x, γ), if

|a2| ≤

∣∣∣∣∣−12[x+ 1][Cγ
1 (m)]±

√
144[x2 + 2x+ 1]2[Cγ

1 (m)]2 −M7

2 {5x2 + 18x+ 13}

∣∣∣∣∣ (3.4)

|a3| ≤
∣∣∣∣M5 + 2(x2 + 2x+ 1) {8[Cγ

1 (m)]2 − 8[Cγ
2 (m)] +m2 − v2}

16(x2 + 2x+ 1)(x2 + 3x+ 2)

∣∣∣∣ (3.5)

∣∣a3 − σa22∣∣ ≤ 1

16(x2 + 2x+ 1)(x2 + 3x+ 2)

∣∣M6 − σ
{
m2

1 + 16[Cγ
1 (m)]2 − 8[Cγ

1 (m)]m1

}∣∣
(3.6)

where

M7 =
{

5x2 + 18x+ 13
}{

28[Cγ
1 (m)]2 −m2 − v2

}
,

M8 =
{
m2

1 + 16[Cγ
1 (m)]2 − 8[Cγ

1 (m)]m1

}
(x2 + 4x+ 3),

M9 = M8 + 2(x2 + 2x+ 1)
{

8[Cγ
1 (m)]2 − 8[Cγ

2 (m)] +m2 − v2
}
.

Corollary 3.3.Let f(z) be form (1.1) and p(z) defined by (1.14). Then f ∈
ΘSm∑(1, x, 1), if

|a2| ≤

∣∣∣∣∣−24m2[x+ 1]±
√

576m2[x2 + 2x+ 1]−M10

2 {5x2 + 12x+ 7}

∣∣∣∣∣ (3.7)

|a3| ≤
∣∣∣∣M11 + 2(x2 + 2x+ 1) {8 +m2 − v2}

16(x2 + 2x+ 1)(x2 + 3x+ 2)

∣∣∣∣ (3.8)

∣∣a3 − σa22∣∣ ≤ 1

16(x2 + 2x+ 1)(x2 + 3x+ 2)

∣∣M12 − σ
{
m2

1 + 64m2 − 16mm1

}∣∣
(3.9)

where

M10 =
{

5x2 + 12x+ 7
}{

112m2 −m2 − v2
}
,

M11 =
{
m2

1 + 64m2 − 16mm1

}
(x2 + 3x+ 2),

M12 = M11 + 2(x2 + 2x+ 1) {8 +m2 − v2} .
Corollary 3.4: Let f(z) be form (1.1) and p(z) defined by (1.14). Then f ∈
ΘSm∑(1, x, γ), if∣∣a23 − a22∣∣ ≤ ∣∣∣∣M2

6 − 16[x+ 1]2[x2 + 3x+ 2]2 {m2
1 + 16[Cγ

1 (m)]2 − 8[Cγ
1 (m)]m1}

256[x+ 1]4[x2 + 3x+ 2]2

∣∣∣∣
(3.10)

Corollary 3.5: Let f(z) be form (1.1) and p(z) defined by (1.14). Then f ∈
ΘSm∑(2, x, γ), if∣∣a23 − a22∣∣ ≤ ∣∣∣∣M2

9 − 16[x+ 1]2[x2 + 3x+ 2]2 {m2
1 + 16[Cγ

1 (m)]2 − 8[Cγ
1 (m)]m1}

256[x+ 1]4[x2 + 3x+ 2]2

∣∣∣∣
(3.11)
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Corollary 3.6: Let f(z) be form (1.1) and p(z) defined by (1.14). Then f ∈
ΘSm∑(2, x, 1), if∣∣a23 − a22∣∣ ≤ ∣∣∣∣M2

12 − 16[x+ 1]2[x2 + 3x+ 2]2 {m2
1 + 64m2 − 16mm1}

256[x+ 1]4[x2 + 3x+ 2]2

∣∣∣∣ (3.12)

Corollary 3.7:Let f(z) be form (1.1) and v(z) defined by (1.15). Then f ∈
ΘSm∑(1, x, γ), if

|a2| ≤

∣∣∣∣∣−136[x+ 1][Cγ
1 (m)]±

√
18456[x+ 1]2[Cγ

1 (m)]2 − 2Q4

4 {6[x2 + 3x+ 2] + 25[x+ 1]2}

∣∣∣∣∣ (3.13)

|a3| ≤
∣∣∣∣Q5 + 4[x+ 1]2 {16[Cγ

1 (m)]2 − 16[Cγ
2 (m)] + c2 − n2}

64[x+ 1]2[x2 + 3x+ 2]

∣∣∣∣ (3.14)∣∣a3 − ηa22∣∣ ≤ 1

64[x2 + 3x+ 2][x+ 1]2

∣∣∣Q6 − η[X
(r)
2 (x)]

{
c21 + 64[Cγ

1 (m)]2 − 16[Cγ
1 (m)]c1

}∣∣∣
(3.15)

where

Q4 =
{

6[x2 + 3x+ 2] + 25[x+ 1]2
}{

272[Cγ
1 (m)]2 − 3c2 − 3v2

}
Q5 = [x2 + 3x+ 2]

{
c21 + 64[Cγ

1 (m)]2 − 16[Cγ
1 (m)c1]

}
,

Q6 = Q5 + 4[x+ 1]2
{

16[Cγ
1 (m)]2 − 16[Cγ

2 (m)] + c2 − n2

}
.

Corollary 3.8:Let f(z) be form (1.1) and v(z) defined by (1.15). Then f ∈
ΘSm∑(2, x, γ), if

|a2| ≤

∣∣∣∣∣−136[x+ 1][Cγ
1 (m)]±

√
18456[x+ 1]2[Cγ

1 (m)]2 − 2Q7

4 {6[x2 + 4x+ 3] + 25[x+ 1]2}

∣∣∣∣∣ (3.16)

|a3| ≤
∣∣∣∣Q8 + 4[x+ 1]2 {16[Cγ

1 (m)]2 − 16[Cγ
2 (m)] + c2 − n2}

64[x+ 1]2[x2 + 4x+ 3]

∣∣∣∣ (3.17)∣∣a3 − ηa22∣∣ ≤ 1

64[x2 + 4x+ 3][x+ 1]2

∣∣∣Q9 − η[X
(r)
2 (x)]

{
c21 + 64[Cγ

1 (m)]2 − 16[Cγ
1 (m)]c1

}∣∣∣
(3.18)

where

Q7 =
{

6[x2 + 4x+ 3] + 25[x+ 1]2
}{

272[Cγ
1 (m)]2 − 3c2 − 3v2

}
Q8 = [x2 + 4x+ 3]

{
c21 + 64[Cγ

1 (m)]2 − 16[Cγ
1 (m)c1]

}
,

Q9 = Q8 + 4[x+ 1]2
{

16[Cγ
1 (m)]2 − 16[Cγ

2 (m)] + c2 − n2

}
.

Corollary 3.9:Let f(z) be form (1.1) and v(z) defined by (1.15). Then f ∈
ΘSm∑(1, x, 1), if

|a2| ≤

∣∣∣∣∣−272m[x+ 1]±
√

73824m2[x+ 1]2 − 2Q10

4 {6[x2 + 3x+ 2] + 25[x+ 1]2}

∣∣∣∣∣ (3.19)

|a3| ≤
∣∣∣∣Q11 + 4[x+ 1]2 {16 + c2 − n2}

64[x+ 1]2[x2 + 3x+ 2]

∣∣∣∣ (3.20)
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64[x2 + 4x+ 3][x+ 1]2
∣∣Q11 − η[x2 + 4x+ 3]

{
c21 + 256m2 − 32mc1

}∣∣
(3.21)

where

Q10 =
{

6[x2 + 3x+ 2] + 25[x+ 1]2
}{

1088m2 − 3c2 − 3v2
}

Q11 = [x2 + 3x+ 2]
{
c21 + 256m2 − 32mc1

}
,

Q12 = Q11 + 4[x+ 1]2 {16 + c2 − n2} .

4. Conclusion

We conducted a comprehensive analysis of normalized one variable Gegenbauer
and Bell-Sheffer Polynomials by developing a new class of bi-G-starlike functions
defined by Gregory and Caratheodory coefficients. Various properties such as
coefficient bounds, Fekete-Szego functional as well as Toeplitz determinant were
established and characterized by exploring different parameter choices. Our re-
sults improved existing results in literatures.
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