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BI- UNIVALENT PROBLEM FOR CERTAIN GENERALIZED
CLASS OF ANALYTIC FUNCTIONS INVOLVING Q-INTEGRAL
OPERATOR ASSOCIATED WITH NEPHROID DOMAIN.

FAGBEMIRO OLALEKAN, SANGONIYI SUNDAY O., RAJI MUSILIU TAYO,
AND OLAJUWON BAKAI ISHOLA

ABSTRACT. The authors in this article study a new subclass of bi-univalent
functions involving g¢-integral operator associated with nephroid domain by
using the concept of subordination and bi-linear fractional principles.We fur-
ther employed our investigation to determine new coefficient bounds and sub-
sequently obtain the Fekete-Szego inequalities for functions belonging to the
aforementioned subclass were obtained.

1. Introduction

Let 2 stand for the class of all analytic functions f(z) of the form:
f(2) =2+ a2* +asz® + ..., (1.1)

normalized by f(0) = 0 and f'(0) = 1. Also, let S denote the subclasses of (2
which are univalent in the open unit disk K = {z € C' : |2| < 1}. Let f be
subordinate to analytic function g(z) = z + by2? + b32® + .... This is denoted
by f < g and this suggest that there exists a Schwarz function w(z) satisfying
the conditions w(0) = 0 and |w(z)| < 1 such that f = g(w(z)). It also hold for
the property if and only if f(0) = g(0) as well as f(K) C g(K) for z € K, see
[7, 24, [40] for more information.

It is equally worthy to note that for the Schwarz function w(z) = >
have |v,| < 1, see [20), 27, 48]

oo

n
ne1 Un2", We

In addition, the function f(z) € Q is said to be bi-univaalent see [8, [10] 13
15, 23], 28, 25, 41], 42, [47, 49] if its inverse g € f~! is also univalent. Then,
f(fHR) =2 (z € K), fH(f(w)) = w, [w| <ro(f) : 70(f) = 1.
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such that
g(w) = fHw) = w—ayw+(2a5—a3)w?—(5a3—5asaz+a)w’+. .. = w—i—z brwt,
k=2
(1.2)
where by = —ay, b3 = 2a3 — as, by = —(5a3 — Sagasz + a4) etc.

For recent study on bi-univalent function, we refer interested readers to see
[2L 4, [5, 9 1T, 211, 22) 28, 25], B0, 35, 43], 50, 53, 54] among others.

However, some of the examples of bi-univalent functions and their inverses are
given as follow: (7).log 1= and its inverse % (#4)7%; and its inverse 5. For
details see [53] [35].

Obviously, we can see that the class of bi-univalent functions are non-empty.

In the recent time, the study of ¢— calculus in Geometric Function theory is at-
tracting the interest of several researchers in Geometric Function Theory (GFT)
and has inspired numerious motivations in so many different ways which have
enabled investigations into various choices of domains. One can refer to [6], 11
14, [36], 37, 52] and [53] to mention a few.

We shall now study the bi-univalent problem which involves the ¢— integral op-
erator associated with Nephroid domain (1 + z — %23) For information on the
Nephroid function,see [19, [51].

Be that as it may, in this work, standing on the premise that if 0 < ¢ < 1,
then we can consider the investigation of the g— derivative [38|, [52] of a complex-
valued function f of the form
f(z)—f(qz)
ige o+ 270
qu(z) =
f'(z) , z=0.

Observe that if f is differentiable at z, then the limit as ¢ — 1~ of D, f(z) yields
f'(2).

The ¢ function known for its crucial significance has its expression in the form
1— qk+l

Py(a) = (1 — )" I

k=01_—qk+a (CI, > 0) (13)

It can as well be expressed equivalently as a special factorial in the form
Fy(a+1) =la],)l'(a) =al,),ae N
and by extension, it can also be conceived in a notation of the form

algla —1]q ... [3][2][1]y ,a>1

lalg! =
1 ,a=0
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it is easily verified that as ¢ — 17, I'y(a) — I'(a) (see [0}, 1T, 52, 53]).

Likewise in [52], the ¢— binomial coefficients can be expresed also in the form

kl,!
( g ) S T (1.4)
m ), Tk — !
The g— beta function B,(a, s) has the special expression in the form
1
By(a,s) = / 27N 1= q2); Mgz, (a,s>0). (1.5)
0
On the otherhand, the ¢- analogue of Euler’s formular takes the form:
Ly(a)Tq(s)
B =1 Uy 1.6
o) = 20 (1.6

For investigation and further consideration see([1l 6l 1T, 52 53]).

Also in [52],the g— integral of function f have interesting properties that shows
its connection with analytic and bi-univalent functions that aids the expression

of the form: -
| f@da= =92 x Y d s
0 k=0
with the provision that the series is convergent.

In [52], the generalized ¢- integral operator H; j,: 2 — € is written as

Huaf @ = () [ (1= 2) e @

for i >0 and 7 > —1.

In view of (1.3), (1.4),(1.5) and (1.6), one can say that

B FGi+7+1)
Higal (2) Z+Z z+]+kF( 0

For different choices of parameteers 1 and j, several integral operators previously
studied by various authors are obtained (see[52] and [53]) among others.

It is also crucial to emphasize that coefficient problem usually arise in the inves-
tigation of subclasses of analytic univalent functions. These problems have inter-
woven connections with several fundamental conjectures, one of these conjectures
is the Bieberbach conjecture in [12], this was also emphasized in [I8] 29 46] and
this shall be sufficient to support the present investigation in order to align with
some fundamental properties. The findings of Bieberbach[12] tied around each
function of f(z) € S and he put forward the inequality |a,| < n and emphasized
that the equalitty only holds for the Koebe function k(z) = ﬁ, which maps
the unit disc K onto the entire complex plane minus the slit along the negative
real axis from _Tlto — 00. Also, in [I8] , De Branges investigated and solved the
Bieberbach conjecture. On the otherhand, Lower[44] and proved that |as| < 3 for
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the class S which happens to be a very large class. Now that the known estimates
las| < 2 and |as| < 3 are in view, it is quite interesting to investigate the relation
az and a3 for the class S. The class S has special geometric representation in the
starlike function structure and it takes the form as follow:
Definition 1.1.1: Suppose f € 2 is starlike, then
2f'(z)

R( o ) > 0.z K, f(z) #0.
This is known as the class of starlike function and its notation is S*. Note, a
function f that is analytic and univalent on the unit disk K with the condition
f(0) =0, f/(0) — 1 = 0 and provided (1 —¢)f < f for every t in 0 < ¢ < 11is
considered to be starlike, see [24, BT], 82]. Tt is this idea that readily prompt the
well-known Fekete and Szegé [26] to use the Lowner’s method to investigate the
classical result for the class S.
The Fekete and Szegé functional [26] has been attracting researchers over the
years and takes the form :

jas — pa3| < 14 2exptr L if0<p<1 .

This special inequality plays a very important role in the determination of esti-
mates of higher coefficients for some subclasss of S. For further information see
[16], 17, 29] B39, 45], 146].
Barely few years ago, [40] investigated the class of function represented by S*
which takes the form:

Af'(4)
f(4)

sgz{feA; <1+smA,}(AEK)

This clearly indicates that the object Af(ﬁ?) lies in an eight - shaped region in

the right-half plane. Also, in [46] studied the class RS%,,(9) that consists of all
analytic functions of the form:

(f'(2))° (%i?) o <1+ sinz = ®(z2),

where 0 < 0 < 1. The special case for this class in [46] takes the form

z2f1(2)
f(2)

<1+ sinz}

and

RS:.(0)=R:, ={f€A: f(z) <1+ sinz}.
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Definition 1.1.2: Let Q : K — C be a convex univalent function in K and
satisfying the conditions:®(0) = 1 and R{®(z)} > 0 (z € U). Also, let ®(t) be
defined by

O(t) =1+ > Byt".
k=1

Definition 1.1.3: Let f € Q be of the form (1.1). Then for ¢ > 0, j > —1,
v € N, 0 < a < 1, the complex-valued function f of the form (1.1) belongs to
the class H,(1, j, o, 7) satisfying the geometric condition:

z

Re { (#,, f@y(m)“} <14z (L.7)

Re { <H{,j,q9(U)>v<m)a} <1+u— %u?’.

. Remark: The following are some well known classes subordinate to Nephroid
domain.
If @ = 0 in Definition 1.1.3 we have

(i).Re { (Hl{,j,qf(z)>7} <1+z— %23 (1.8)

and

and
! 7 1 3
Re { (Hi’j,qg(u)> } <1+u- U
This is known as 7- pseudo-bounded turning.
If @ =1 in Definition 1.1.3 we have

(i1). Re { (H;,j,qf(z))”<m)} <1+z-— %f (1.9)
and

Re { (Hé,]-,qg(lb)>7 <m> } < 14u-— %ui”.

This is known as ~- pseudo-starlike.
If « =0, y=1 in Definition 1.1.3 we have
1
(if).Re { (H;’jjqf(z)> } <1423 (1.10)
and

Re { (Hé,j,qg(u)>} <14u-— %u?’.

This is bounded turning.
If a =1, y=1in Definition 1.1.3 and we have

(iv).Re{(%)} < 1+z—éz3 (1.11)
and

uH . g(u) 1
Re (L)}<1+u——u3.
{ H; jq9(u) 3
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This is starlike.
If « =1, v =2 in Definition 1.1.3 and we have

(v)Re { (Hz{’j’qf(z)> (’qu—qf(g)} <1+42z— %23 (1.12)

and o)
uH, . g(u 1
Re (H{-gu><L>}—<l+u——u3.
{ 0 (W) H; jq9(u) 3
This is known as Geometric combination of starlike and bounded turning. For

recent work on various domains, we refer interested readers to |29, 35 43}, 52] to
mention a few.

Before we proceed into the results, the following lemmas shall be considered.
Here, let & stand for the collection of h(z) that are analytic with positive part
in the open unit disc K which takes the form p(z) =1+ > 2, Pz* 2z € K.

Lemma 1.1.4 [39, [48]: Let the function p € P be given by
p(z) = 1+ipkzk z e K.
k=1
Then |Py| <2, k € N, where p(0) =1 and Re {p(z)} > 0.
Lemma 1.1.5[48, B0]: Let the function p(z) = 1+ > 72, bx2*, 2 € U be convex
XIISKO,‘ let y(z) be given by y(z) =1+ > ,—, lx2", be holomorphic in K.
If y(z) < ¥(2), z € K then |ly| < |bx|, k€ N.

Lemma 1.1.6[39]: Let p(z) =1+ > 2, prz® 2z € K. Then f' € S*. then

las — pa3| < 1 +2expis , if0<u<l .
| 4u-3 ,if p>1

where v < 0 or v > 1, the equality holds if and only if % or one its rotations.

If 0 < v < 1, then equality holds if and only if p(z) is gfizg or one of its rotations.

If v = 0, the equality holds [46] if and only if p(z) = <% + %p) =+ <% — %p) 0

(0 < p <1) or one of its rotations. If v = 1, the equality holds if and onlyif p is
the reciprocal of one of the functions such that the equality holds in the case of
v=0.
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Lemma 1.1.7[24, 25]:Let p(z) = 1+ > - ¢,»2™ P is an analytic function
with positive real part and v is a complex variable, then

(92— 4 Cif v<0
c3 —vey| < 2 , if0<wv<1
L dov—-2 , if v>1

2. Coefficient bounds for the class H,(i, j, o, )

We begin this section with the statement of theorem for the class H,(i, j, o, )
and the proof the theorem follows in quick succession.
Theorem 2.1: Let f be of the form given (1.1)that belong to the class H,(i, j, o, ),
then

Bi|(|B 2
las| < — | Bil(1B1] +2) P e T (2.1)
HBy = )X + ([29(y — = 1) + oAy = =5=)07)

and N
|CL3‘ < |B1|(|Bl|+2) |B1|2(3’7—Oé)/\12’] (2 2)

T A3y — )N 2(2y — a)?(AW)3

i Dg@4)Tq(iti+1) ij _ Tg(3+4)g(i+j+1) :
where \}7 = m, 5 = m respectively.

Proof: Let f € H,(i,j,«,) and by applying the principle of subordination we
have .
¥ z 1
H' . ) | =1 - 3
(50l (2 (H M) +w(z) = 3(w(2)
and

(His9()’ (H—g(u)> = 14 6(u) — 5 (6(w)"

) (s 29T (24§)T (i4-j+1)
Notice, (H{,j,qf(z)> =1+ ( Talirs + 2T, G D | 122

2 2

N 2w<w—1>(rq(2+j>) (rq<i+j+1>>

3y (3 T'y(7 1

(e O T
(rssm) (o)

Al (4+5)Tq(i+5+1) + 6y(v=1)Tg(24+5)Tq(i+j+1)Tq(34+5)Tq(i+j+1)
Lq(i+j+4)Tq(5+1) Dy (i+5+2)Lq(i+1)Tq(i+5+3)Tq(5+1)

3 3
4y (r-1)(7-2) (rq<2+j)> (Fq<i+j+1>)
asy |25+ ...

3 3
<Fq (i+j+2)> (Fq (j+1))

aoG3 +
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[0

2 4 alg4)Tliti+) Dy (3+/)Tg(i=j+1)
and (Hi,j,qf(Z)) =1 = TG0 @~ | O T,Grir,grn 98

2 2
Tq(2+5 Ty(i+j+1 . L . L
(rie) (i) 22| alam) Tyttt o\ o | Tatttargsien

2 272 21 Tq(2+it))Tq(j+1) "2 Ty(4+i+j)Lq(j+1) 4

<Fq(2+i+j)> (Fq(j‘f‘l))

3 3
<Fq(2+j)> (Fq(i+j+1)) 5

20q (2+7)Tq(i+i+1)Tq(3+5)Tq (i+5+1)
T g Gy (i h Ty (1T) 4203 T 5 3a2] —afa —
(rueries) (raoe)

2 2
1) LTy (i) [Fq(3+j)rq(i+j+1) (FQ(M)) (FQ(””l)) 3 4

Tq(2+i+5)Tq+1) | Tq(B+iti)TqG+1) 4293 — 2 elll
(Fq(2+i+j)) (Fq(j+1)>

3 3

_ _ <Fq(2+j)> (Fq(i+j+1))

afa 13)!((1 2) . —as |23+ ...
(Fq(2+i+j)> <j+1>

This implies that

v 2 o 290 g (2+5)Tg(i+5+1)
(H’{quf <Z)> (Hi,j,qf(z>) = <1 + < Tt G | %%

2 2
o 2/(r-1)(To(245) ) (PalititD)
3y (34+5)T g (i+j+1) ( 4 ) > 2
( oG r3r,Grn 4+ R N2 B2 )F +
(Fq(1+J+2)> <Fq(J+1)>

AT () (i) - 632 4)Cg (i H D g (B g (it D) o
Tq(itj+4)T4(j+1) Ty (i+5+2)0 4 (G+1)Tg (i+5+3)Tg (+1) 203

3 3
Ay(v=1)(v=2) <Fq(2+j)) (Fq(i+j+1)> ag) 24 ) (1 _ olg(245)Tq(i+541)

3 3 Fq(H‘J‘F?)Fq(J‘f’l)
(Fq (i+j+2)) <Fq (j+1))

2 2
Ly (3T (i=i41) | (rieen) (raten) a2] _ o) rq<2+j>rq<i+j+1>a2> 2

aoZ —

(3+Z+J)Fq(J+1) 3 2 22 21 Ty(2+i+j)Tq(j+1) 2
L <Fq(2+i+j)> (Fq(j+1)>

< Pq(4+)q(i+j+1) 2Tg(2+5)Pq(i+5+1)Tq(3+5) g (i+5+1)

(it g D) M T~ Ty@rit NGty Brit )G+ @203 T

Ty (2+7) ) (Fq (i++1) ) —ala — 1) 4 (245)Tg (i+j+1) [Fq(3+j)rq(i+j+l)a2a3 -

Lq(24i45)Lq(G+1) | TaB+i+5)Tq(+1)
Fq(2+z+])> ( Dq(j+1)

3 3

<I‘q(2+j ) (Fq (i+j5+1) ) o (Fq(2+j)) (F (i+j+1)>

—i—a(a 13)!(a 2) l; 4 a% 2B+,
< q(2+Z+J)> ( q(J+1) (Fq(2+i+j)) <j+1)
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Further simplification gives:

(H,402) <m> — 1+ (27 — )Aayz+

ala—1)

5 )Xi’j a§z2+

(37 — )X az + ([27(y — 1) — 27a + o]\ —

{(4y — )N ay + (69(y — 1) = bary + 20 + a(a — 1))A Ayagas

-1 -9 ..
Hoa(a— 1) + [yl 1)~ 2a7(y 1) —a — afa — 1) - DETDOZ D ey
' (2.3)
where
T2+ )T, ++1
EICEE) KIS RR) (2.4)
Lo(i 47+ 2)T(j +1)
o N
Ay = o3+ 3)yli 5+ 1) (2.5)
Lo(i 47+ 3)T(j +1)
i LA+ )l (i +75+1)
AT = 4 “ 2.6
DT (i + 4G+ 1) 26)
Similarly,
! 7 u 1,5
Logw) [ —— ] =14 (27 — )N byut
(Hisq900) (Hz-,j,qgw)) (27— a)\i7by
i,j i, afa—1) 1,572, 2
(37 = a)A7bs + (2v(y — 1) = 2va + o] A — T)/\l byu”+
{(4y — )XY by + (67(y — 1) — bary 4+ 2a + a(or — 1)) N AL bybg
-1 —9) ..
+yala=1) +[4y(y —1) = 207(y = 1) —a —a(a—1) - ol 3)|(a )]Ai’J)(Wﬁbi}z:” +..
' (2.7)

Next, define p(z) = T =1+ 12 4+ 222 + ¢32° + ... and

q(u) = % =1+ dyu+ dou® + dzu® + . ..
. . . . _ plz)—1
This simply implies that w(z) = Ot

2 3
Further computation gives: w(z) = az 4 % <02 — %)zz + % <03 —ci1co+ %)zB’ +...
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2, 3
Since (w(z)) =322+ %(clcg — §> 23+ ... and (w(z)) =138+ ...
Then

1 3 caz 1 AN, 1 15\ 5
1+w(z)— g(w(z)) = 1+7+§<02 - 5)2 +§<63_6102+661>Z +....
(2.8)
Similarly, we have
1 s dw 1 2y o, 1 1.\ 5
L+ 6(u) = (o) = 1+ 57 + §(d2 - 5>u + §<d3 —dyds + 6d1>u T
(2.9)
By comparing (2.3) with(2.8) and also (2.3) with (2.8) we have
(27 — a)Ajag = % (2.10)
-1 2
(37 — a)dqas + <[2'y(fy —a—1)+ o\ — Oz(a—)))\lag -2 4 (2.11)
2 2 4
(4y — a)Azaq + (67(y — 1) — Bay + a(a — 1)) A\ Asazas+
ala—1)(a—2 c3  cic
(= 1)+ 2107~ (2~ ) +a(2y —a) - HEZWOZD g0y @2
(2.12)
dy
a(a—1) , do 2
(37 — a)Aabs + ([27(7 —a—1)+aj\ — T))\le =5 " (2.14)
(4y — a)Agby + (6v(y — 1) — bay + ala — 1)) A\ Aabobs+
ala—1)(a—2 ds did
(e 1)+ [290 - D@~ )+ af2y — 0y~ WEZDOZ2yy gy b i
' (2.15)

From (2.10) and (2.13), it follows that
c1 = —dy(since by = —ay) (2.16)
Squaring (2.10) and (2.13), and then adding we have

1
(27 — a)*\2a5 + (27 — a)*Ma3 = Z(C% +d3) (2.17)
This implies that
2, 7
2 (ci +df)
=1 7 2.18
782y — a2 (2.18)

Adding (2.10) and (2.14), we have
ala—1)

(37 — @) Aaas + ([27(7 —a—1)+alh - =

)Alag + (37 — a)A2(2a3 — a3)+

3

1
+ 12

di

12
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ala—1) s, G ¢ dy d}
[(27(7—04—1)—1—04))\1— 5 }AlaQ— 7 1 + 5 1
ala—1 1

This further becomes
o 2eat ) — (3 + ) )
8{20(3y — )+ (27(y — o — 1) + ol — 22D ]
2|B1| + 2| Bi| + | Bi|* + | Bi|”
8{2)\2(37 —a)+ ([27(7 —a—1)+a]\ — @) }

Applying Lemma (1.1.5) we have

(2.19)

| B1](|B1] +2)
4{2)\2(37 —a)+ ([27(7 —a—1)+alh - @ﬂ

Also, subtractin (2.14) from (2.10), then

las| <

(37 — @) \aas + ([27(7 —a—1)+a]h — w»\lag—

ala—1 c d 2
(3y — a)Xa(2a3 — as) — <[2fy(fy —a—1)+aj\ — %))\lag = 52 - 52 - Zl + Zl
This simply becomes
1
2(37 = a)haas — 2(3y — a)daa} = 7 (2(02 bdy) — (2 — d%)) (2.20)

Using (2.18) in (2.20) and by further simplification we have

2(37 — ) Ao(cf + df)
8(2y — a)?\?

2(3y — a)dqaz = i<2(02 +dy) — (f — d%)) +

Appealing to Lemma (1.1.5) we have,

A1Bi| +2|Bi]> | A[BiPBy — ) |Bil(IBil +2) | [Bi’ (37 — a)Xs

< =
las] < 8(37 — a)As 8(27 — a)2\2 403y — a) g 2(27 — a)2A2

This completes the proof of Theorem 2.1.

Now, we cast attention on some noteworthy Corollaries which are obtained by
specializing some values of the parameters ¢, j, o,y in the Theorem 2.1.
Corollary 2.1.2: Setting ¢ = 1 in Theorem 2.1 then we have

[Bil([Bi| +2)
f3r - o) (52) + (I2v(r — o — 1)+ 0] (322) - 2572 (32) }

las| <
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and

"
Bil([Bi +2) By 2(3y — a)(%)

Jas] < 43y — a)(fl’%) 2(2y - O‘)Q(mf |

(2.21)

Corollary 2.1.3: Setting ¢ =1, j = 0 in Theorem 211 then we have
| Bi|(1B1] +2)
4{(@) + %([”y(”y—a— 1) +a] — @)}

las| <

and
3|B|(|1B1| +2) | 2|B1[*(3y — )

|as| < 13— a) 3@ o) (2.22)

Corollary 2.1.4: Setting i=1, and a = 0 in Theorem 2.1 then we have
| B1|(|B1] +2)

(02 () (0~ 1) ()]

1+j

BB +2) | AP (55)
12(7)($2) 8(7)2(%)2

las| <

and

|as| < (2.23)

Corollary 2.1.5: Setting i=1, @« = 0 and v = 1 in Theorem 2.1 then we have
| B1|(|B1] +2)
1+j
2(55)
2
0] < |B1|(|fir|—|— 2) n 3|B1|‘)\§'
L) s(s)

Corollary 2.1.6: Setting & = 0, v = ¢ = 1 in Theorem 2.1 then we have

‘a|<\/|81|<|31|+2><3+j>
2= 12(1 + j)

las| <

and

(2.24)

and
[Bil(|Bil +2)(3+J) | 3|IBi]*(2+)°
12(1 + 7) 8(3+4)(1+J)

|as| < (2.25)
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Corollary 2.1.7: Setting « = 7 =0, v =7 = 1 then we have

By|(|B1] + 2
ol < PI0BL2)

and
|Bi|(| B1] +2) N | B1|?

<
a3 < 4 2

(2.26)

3. Fekete-Szego inequalities for the class H,(i,j, o, 7)

This section is concerned with the Fekete-Szego inequalities for the class
H,(i,j,c,7). The Taylor-Maclaurin coeficients |as| |as| of the function
f € H,(i, j, o, obtained in Theorem 2.1 were used to investigate the
Fekete-Szego functional.

Theorem 3.1: Let f be of the form given in (1.1) that belongs to the class
H,(i,j,a,7), then

(
(457 (AP7)2—(q(A}7)2—r)(Ay7)? [([277 a—1)+a]A}’ M)/\”H)\z p1} —pQ[2s—1]

20257 (AT 2[[(2y(v—a—1)+a) AT 42057 pi ] !

,Lf v S ki)], Y
as — Uag < 27 Zf k‘i’j’aﬂ <v< k:;’j’a’w

((qAST)2—r(AFT)2) —apALT (X072 [(277 a—1)+a]\; M))\;‘j+2)\é’jm}+pﬂ[257t]

2pA57 (AP))2[[(2y (v—a—1)+a)] AT +2757 1] ’

| if wz ke
(3.1)

where 07 = o)}, p=(3v—a)(2y =), ;i =3y —a, g = —d},r = G+,
s=(c2tdy), t=(+d?)

—(@(\)2=r(357)?) [([2v(w—a—1>+aw;j——W;” ) Ai’f+2xgjp1}

k;ivjva?’y — . _
1 p)\gj ()\7;])2[25_75] ?

(8pA;7 (AT7)2=(a(A\17)2=r(A57)?)) [([2W(v—a—1)+a}>\§’j - @) /\'fj+2A§'jp1]

Py (A7) (25—1]

64,007
k2 -_—
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Ay = Da@Talititl) 3 - Dy(B+i)lg(iti+1)
L Ty (i45+2T,G+1) 7 72 7 Ty(itj+3)T(+1)

Proof.: Assuming Theorem 2.1 holds. Then we have

_L1g2eatda) — (i —di) | (G+dPA
“ §{ (37 — a)A (27 — )22 } (3:2)
2 _1 2(cz + dp) — (cf + d3)
" 4{2([27(7 — = 1) + a])\l — @)/\1 + 2/\2(37 — Oé) } (33)

With (3.2) and (3.3)we obtain the equation of the form

vy —vad = LGtz (G = d)(2y — o W+ (¢ 4 d)(3y — )Y — @
2 43y —a)\ 8(3y — a)(2y — )2\ AW

(3.4)

where

U= [([27(7 —a—1)4+aj\ — oz(aT—l))/\l +2X2(37 — )

Q= (37 — a)(27 — a)*AaAi[2(c2 + do) — (] + d))]
Equivalently it can be re-express in the form:

o L otd  ((¢f = df)(2y — a)*UA — (cf +d])(3y — a)A)) ¥ + Q2

48— v =7 (By—a)Xy 8(37 — ) (27 — a)? A \2W
where
U= [([27(7 —a—1)+aj\ — @)/\1 +2X2(37 — )
Q= p(3y — a)(2y — a)* A A{[2(e2 + da) — (c] + d])]
Here
N (B (e 2 I G L B S
8(37 — ) (2y — )2\ AU
where

U= [([27(7 —a—1)+aj\ — @)x\l +2X2(3y — @)

Q= p(3y — )2y — @)*XAT[2(c2 + do) — (] + d7)]

Now let v < 0 then we have
—((c] —d?)(2y — a)?UAT — (] 4+ dF)(3y — @) A3) ¥
b= 3y Za) 2y — )2 2(e + ) — (& + &)

(3.6)

This then implies that we now have

p < k.
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Also, let us set v > 1, we then have
8(3y — a)(2y — a)? X\ — M

> ) 3.7
12 By = )21 — aP e XR(er + o) — (3 + @) (37)
Where M = ((¢2 — d2)(2y — a)?UA2 — (2 + d?)(3y — a)\3) V.
This simply become the form
p = k.
newline From here we now seek 2 — 4v in the form:
4(3vy — 27 — )Xo\ — M — Q

2(37 — @) (27 — a)2 X \PU

Where M — (¢ — @)\2 — (¢ — B)(2 — a)UA2 — (¢ + d2)(37 — ) A3
Similarly, we also seek 4v — 2 in the form:
((cf —d})(2y — a)®TAT — (cF +dP)(3y — ) AV — 4(37 — ) (27 — @)?AA]V + O
2(3y — ) (27 — )2\ '
(3.9)

By applying Lemm 1.1.7 with the appropriate use of eqns:(3.5),(3,6),(3,7),(3.8)
and (3.9) we achieve the desire result.

After obtaining the reuslt of Fekete-Szego functional in Theorem 3.1, the
following corolllaries were investigated by varying the parameters involved so
that special cases of the result in Theorem 3.1 could be pointed out.

Setting ¢ = 1 in Theorem 3.1, Corollary 3.1.2 follows accordingly.

4qy — 2 =

Corollary 3.1.3 Let i= 1 and f be of the form given in (1,1) that belongs to
the class H,(1,j, o, ), then

(
a(a—l)Ab)\2
2

AaAF(APAZAc—(gA3—r X)) [ ([27(77a71)+a],\f c ) +2A§bACp1] —upA1AZ Ac[25—t]

2pA2 e |: ()xa [27(7—@—1)—&—@]—70‘(“{1) )\a> +2p1 /\g]
o 17 '7 ’
if v < K9

as — ’UCL%| S 2,Zf k{l’j’aﬂ/) S v S kél,j,a,’y)

_ 2
At (Qhare—TAaAD)—4pAZA,) [ ([27(77a71)+a]/\a—7"‘(°‘ A ) +2)\12))\cp1i| +FupXarFAc[2s—1]

)

2pAZ )\, [(Aa [Q'y('y—oc—l)-i-oz}—ia(a;l) >\a> +2>\2p1i|
. 1,5,a
if v> ké Jie)

\

(3.10)
L —(gAaA2—TAaAD) [[2«,(7—&—1)+a]xa,\c—%Ab&—zAgm]
Whel‘e k:( 7]70477) —
1 PAZ[25—1] ’
(Lin) (BPAZ Ao Ac—(qAaAZ—TAaA?)) [ [27(77a71)+a]/\a)\37M&T_l)/\a)\b)%) +2)\12))\Cp1i|
WSy —
k2 - PAZ A [25—1]
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Setting ¢ = 1,7 = 0 in Theorem 3.1, Corolarry 3.1.4 follows accordingly.
Corollary 3.1.4 Let i =1, j= 0 and f be of the form given in (1.1) that belongs
to the class H,(1,0, o, ), then

((48p—(36g—161))) [[277 a—1)+a]12—12a(a— 1)+32p1:| —pdp[2s—t]

[([277 a—1)+a]—e- 1>)+8p1}

2 e iele .
as —vaz| < ¢ 2 Jf R <wv<ky T°

((36¢g—161)—48p) [( 2'\/(7—04—1)—&-@]12—1204(04—1)) +32p1:| +pdpl2s—t]

[([27(7 a—1)+a]— %)Jﬁ(&yf&)]

: i=1,j=o0
Jfv <k

if o2 KO

(3.11)
i=1,j=0 —(9g—4r) |:[2'y(’y—a—1)+a]3—a(a—1)3—8p1
where k; = oo -
1o (48p—(9g—4r)) [([27(7—04—1)4-043—&(&—1)3) +8p1
k=0 =
2 pl2s—1]

Setting i = 1,j = a = 0 in Theorem 3.1, Corolarry 3.1.5 follows accordingly.
Corollary 3.1.5 Let j =a =0,i =1 and f be of the form given in (1.1) that
belongs to the class H,(1,j,0,7),. For i =1 then

([ (14477~ (99 4r>>[[( 1)1+8} (25 1]

R

az — UCL§| < 2 Jif ki:173'=a=0 <ov< k;:m:a:o
((9g—4r)—144~3) [([2(7—1)}> +8] +pu[25—1]

L (7)3 [([(’Y*U])Jﬂ?]

. i:l,j:azo
7Zf v S kl

Jifv>ky IT°

(3.12)

—(9g—4r) [[(7—1)}—4]

i=1,j=a=o0 __
where k; = 2[5 )

(576723 —(9g—4r)) [ ([3(7—1)}> +4}
2v2[2s—t] ’

=1 j:a:o
pimlImeme —
2

Setting : =y = 1,7 = a = 0 in Theorem 3.1, Corolarry 3.1.6 follows accordingly.

Corollary 3.1.6 j = a =0,y=1¢=1 and f be of the form given in (1.1) that
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belongs to the class H,(1,0,0,1), then

(144_(9q_47"))[8]_u[25_t] Zf v < k’i:’Y:lvj:a:O
12 ) ) ) >~ 1 '
jas — vay] < 4 2 Jif KRR <y < etz
(@q—mﬁ—1§?B}+ups—ﬂ Vi f U 2> KBy(i=y=1,j=a=0)
(3.13)
where kizwzl’j:a:" - %7

gi=r=Lli=a=o _ (242—(9g—4r))[2]
2 [2s—1] )

4. Conclusion

Finally, in this work, the authors have successfully studied a new subclass of
bi-univalent function involving ¢-integral operator associated with nephroid
domain using the concept of subordination and bi-linear fractional principles.
They obtained among others, new coefficient bounds, and sharp estimate
bounds on the Fekete-Szego inequalities for functions belonging to the
aforementioned subclass of bi-univalent function while some consequences of the
results obtained follow as corollaries. For recent studies on the coefficient
bounds and Fekete-Szego inequalities we refer to [3] , [31], [33], [32] and [34]
among others.
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