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QUASI-SYMMETRIC POLYNOMIALLY BOUNDED FRECHET
ALGEBRAS

OLUFEMI O. OYADARE*

ABSTRACT. This paper concerns the notion of a symmetric algebra and its
generalization to a quasi-symmetric algebra. We study the structure of these
algebras in respect to their hull-kernel reqularity and existence of some ideals,
especially the hull-minimal ideals. An immediate application of our results
is to the Harish-Chandra Schwartz Fréchet algebras, CP(G), of a (connected)
semi-simple G.

1. INTRODUCTION

It is well-known, from J. Ludwig([8]) that every semi-simple symmetric poly-
nomially bounded Fréchet algebra is hull-kernel regular and has a hull-minimal
ideal generated by some elements of the algebra. This result gives a way of verify-
ing the existence of hull-minimal ideals and of computing their basis elements in
non-normable algebras of harmonic analysis, as has been shown for the Schwartz
algebras of nilpotent and connected semi-simple groups in J. Ludwig([8]) and O.
O. Oyadare ([10]) respectively.

In this paper we give a generalization of the notion of a symmetric algebra to
that of a quasi-symmetric algebra and establish the importance of this generaliza-
tion by showing that every semi-simple quasi-symmetric polynomially bounded
Fréchet algebra is hull-kernel regular.

2. PRELIMINARIES

For the connected semi-simple Lie group GG with finite center, we denote its Lie
algebra by g whose Cartan decomposition is given as g = t@p. We also denote by
K the analytic subgroup of G with Lie algebra t. K is then a maximal compact
subgroup of GG. Choose a maximal abelian subspace a of p with algebraic dual a*
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and set A = expa. For every \ € a* put
o={Xe€g:[H X]|=\NH)X,VH € a},

and call A a restricted root of (g,a) whenever gy # {0}. Denote by a’ the open
subset of a where all restricted roots are # 0, and called the connected components
the Weyl chambers. Let at be one of the Weyl chambers, define the restricted
root A positive whenever it is positive on a* and denote by A% the set of all
restricted positive roots. We then have the [wasawa decomposition G = KAN,
where NV is the analytic subgroup of G corresponding to n = Z g, and the
AeAt
polar decomposition G = K - cl(AT) - K, with AT = expa®, and cl(A") denoting
the closure of AT,

Ifweset M ={k e K:Ad(k)H =H,H € a}and M' = {k € K : Ad(k)a C a}
and call them the centralizer and normalizer of a in K, respectively, then; (i) M
and M’ are compact and have the same Lie algebra and (ii) the factor ro = M'/M
is a finite group called the Weylgroup. Let a; denote the complexification of a*.
o acts on aj as a group of linear transformations by the requirement

(sA)(H) = A(s™"H),
H € a,sc, A e a;. We then have the Bruhat decomposition

G:UBWB

where B = M AN is a closed subgroup of G and m, € M’ is the representative
of s (i.e., s =msM).

Some of the most important functions on G are the spherical functions which
we now discuss as follows. A non-zero continuous function ¢ on G shall be called
a (zonal) spherical function whenever p(e) = 1, and we have that

p e C(G//K) :={g9€ C(Q): glkizks) = g(x), k1,ke € K, x € G}

and fx ¢ = (f xp)(e) - ¢ for every f E C (G//K) where f % g denotes the
convolution of f and g defined as (f * g)(z) :== [, f o g(y~tx)dy. This leads to
the existence of a homomorphism A : C. (G’//K) — C glven as A(f) = (f xp)(e).
This definition is equivalent to the satisfaction of the functional relation

/K o(aky)dk = p(x)p(y), .y € C.

It has been shown by Harish-Chandra ([7]) that spherical functions on G can be
parametrized by members of aj. Indeed every spherical function on G is of the

form gy (x) = / =pHER gL\ € af, p = Z my - A, where my = dim(g,),
K 2 en

and that ¢y = ¢, iff A = sp for some s € w. Some of the well-known prop-

erties are p_\(z71) = @a(z), p_a(x) = px(z), A € af, x € G, and if Q

is the Casimir operator on G then Qpy = —((\,\) + (p, p))px, where X € ak

and (\,p) := tr(adHy adH,) for elements H,, H, € a. The elements H),,
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H, € a are uniquely defined by the requirement that \(H) = tr(adH adH))
and p(H) = tr(adH adH),) for every H € a. Clearly Q¢ = 0.

Let
oo() = /K exp(—p(H (xk)))dk

be denoted as =(z) and define 0 : G — C as o(z) = || X|| for every z = kexp X €
G, k€ K, X € a where || - || is a norm on the finite-dimensional space a.
These two functions are spherical functions on GG and there exist numbers ¢, d
such that 1 < Z(a)e’’e® < ¢(1 + o(a))?. Also there exists ro > 0 such that

co =: / Z(z2)*(1 4+ o(z))™dr < oo. For each 0 < p < 2 define C?(G) to be the set

G
consisting of functions f in C*°(G) for which
1/ llg1.gasm = Slép £ (g1 %5 92)|E(2) "P(1 4 o(2))™ < o0

where g1, 90 € U(gc), the universal enveloping algebra of gc, m € ZT,z € G,
d
f(z;90) = 7 f(z - (exptge)) and f(g1;2) := pr f((exptgr) - x). We call
t=0 t=0
C?(G) the Schwartz space on G for each 0 < p < 2 and note that C*(G) is the
well-known Harish-Chandra space of rapidly decreasing functions on G. The in-
clusions C°(G) C CP(G) C LP(G) hold and with dense images. It also follows
that C?(G) C C9(G) whenever 0 < p < ¢ < 2. Each CP(G) is closed under in-
volution and the convolution, *. Indeed CP(G) is a Fréchet algebra. We endow
CP(G//K) with the relative topology as a subset of C?(G).

For any measurable function f on G we define the spherical transform f as

f\) = / f(x)p_x(x)dz, X € a. Tt is known that for f,g € L*(G) we have
@

(i) (f*g)" = f-§on F" whenever f (or g) is right - (or left-) K-invariant;
(i) (f) @) = f(¢*),¢ € ' hence (f*)* = f on P: and, if we define
(9 = Fkyaks)dkydks, x € G, then

KxK

(ii)) (f#)" =f onF".

3. MAIN RESULTS

We start with fixing some notions.

3.1 Definition. A Fréchet algebra A is said to be involutive if there is a map
a — a* on A such that ™ = a, (a +b)* = a* +b*, (A\a)* = Xa*, A € C, and
(a-b)* =0b*-a* for all a,b € A.

It is clear that, for each 0 < p < 2, the Fréchet algebra A = CP(G) or CP(G//K)
is involutive with involution f —— f* given as

ff(x)=f(z=1), z € G.
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Now since the Fréchet algebra we are ultimately going to consider in this work
is a Schwartz algebra we need to impose a growth condition on the members
of the present abstract Fréchet algebra which fits into the general behaviour of
Schwartz functions. Motivated by the estimates of members of C?(G) as known
above we give the following definition.

3.2 Definition. Let A = (A, {pxr}) be an involutive algebra where {p;} is
the defining collection of seminorms on A, and set e( Z — for a € A. An

element b € A is said to be polynomially bounded if for every k: € N there is a
constant ¢ = ¢x(b) > 0 such that

pr(e(iAb)) < (1 +|A))%*, for all A € R.

3.3 Remarks.

(1.) This definition may be compared with the weak inequality of the last
chapter using the fact =(z) < 1, for all z € G.

(2.) Clearly e(a) = exp(a) — 1. See J. Dixmier ([]).

As a guiding example we consider the special (but important) case of when B
is a Banach algebra, (B, || - ||). In this case, if B(b) is a maximal abelian closed
subalgebra of B containing b, and y is a character on B(b) for which x(b) = pu €
spec(b)(:= spectrum of b), we know that in general u € C. i.e., u = o+ i3 where
a, f € R. However we also know that, for every v € R,

€] = || = [ehele= ] = (1)]e ] = e

so that e = || = |exp(ivx(b)| = |1 + e(iyx(D)] = |1 + x(e(iv)] <
1+ |le(ivb)||. That is,

e <1+ [le(ind)]

for all b € B, meaning that |le(ivb)| grows exponentially in v, with 8 a real
constant.

Thus in order to have an element b € B = (B, |-|) to be polynomially bounded
it must be such that  in the above inequality must be zero. i.e., the element b
must have real spectrum. Thus, since every Banach algebra is a Fréchet algebra
we consider the requirement of having a real spectrum for a polynomially bounded
element of the Fréchet algebra, (A, {pr}). We however recall that an involutive
Banach algebra in which the spectrum of every self-adjoint element is a subset of
R is called symmetric and then introduce the following notion of symmetricity.

3.4 Definition. A Fréchet algebra A is said to be symmetric if it admits a
continuous involution and there exists a continuous *-homomorphism, o, of A
into a C*—algebra, €, such that speca(a) = spece(o(a)), for every a € A (Here
spec 4 (a) represents the spectrum of an element a in A defined as

{Ae C:a— A-1isnot invertible}).
3.5 Remarks.
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(1.) By a continuous *-homomorphism ¢ : A — € we mean a continuous ho-
momorphism ¢ in which o(a*) = o(a)* where A and € are *— and #—involutive
algebras respectively.

(2.) The requirement on the spectrum in (3.4) above is equivalent to saying
that the continuous *-homomorphism, o, is spectrum invariant.

(3.) If in (3.4) above, we require only that speca(a) C spece(o(a)), then we
shall refer to A a quasi-symmetric Fréchet algebra. Clearly every symmetric
Fréchet algebra is automatically quasi-symmetric but not conversely. Thus the
notion of quasi-symmetricity of a Fréchet algebra is more general than that of
the symmetricity in (3.4). Indeed we shall in a moment extend the results of J.
Ludwig ([8] Propositions 1.8 and 1.10) to include all quasi-symmetric Fréchet
algebras.

We now consider the notion of a functional calculus (E. Hille and R. S. Phillips
([18])) that is needed shortly. We start with a Banach algebra example.

3.6 Definition. Let B be a Banach *-algebra. A function ¢ is said to operate

on an element f € B if
(i.) the Gelfand transform, f , of f, with respect to the smallest commutative
Banach sub-algebra B(f) containing f, is real, and

(43.) there exists a g € B(f) such that po f = g.
We shall in this case write p{f} = ¢. Indeed, if for f € B we write e(f) =

Z (Zgl) and if |[e(nf)||z = O(||n]|Y) as ||n|| = oo, then every ¢ € C*(R) with
k=1

1
k> N +1, and ¢(0) = 0 operates on f and o{f} = oo / G(N)e(Af)dA so that
i Jg
le{ /s < cllellorm)-
In a Fréchet algebra A we may also employ the functional calculus of C*°-

functions on polynomially bounded elements of A (c¢f. J. Dixmier [6]. Let us
denote by C23(R) members ¢ € C(R) in which ¢(0) = 0, then the integral

1

3 / P(AN)e(ida)d\ exists and converges in A, for any polynomially bounded
T Jr

elements a € A (J. Dixmier, [6] p. 18). We then define

ofa} = % /R A(N)e(ira)d)

This functional calculus on polynomially bounded elements of A has the following
interesting properties that makes it what we actually need.

Let a be a polynomially bounded element of the Fréchet algebra A, and let
A(a) be a maximal abelian closed subalgebra containing a. If y is any character
on A(a) then x(p{a}) = p{x(a)}. We thus have

X((@ - ){a}) = (V- @) {x(a)} = d{x(a)} - p{x(a)} = x(¢¥{a}) - x(p{a})
for ¢, 0 € CZH(R). If A(a) is now semi-simple. That is, if ker(y) = {0} for every
character x of A(a), then

X(©-o){a}) = x(Wfa}) - x(efa}) = x(P{a} - p{a})
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implying x((¢ - ¢){a} — ¢{a} - p{a}) = 0 so that
vlat-plat = (W -p){a}----- ().

The use to which this calculus is put is contained in the following.

3.7 Proposition (J. Ludwig, [8] p. 80). Let a be a polynomially bounded
element of A. Then there exist 1, p € C23(R) such that

Y{a} - pla} = p{a}.

Proof. Since C25(R) is (completely) regular we know that there exist ¥, p €
C25(R) such that - = . Using this relation on the right-hand side of (I) above
gives the result. [

We shall soon see how the result of Proposition 3.7 above simplifies matters
in the proof of an important result of this section, thus making it central to our
discussion. In an attempt to generalise this calculus to the algebra CP(G//K)
one may introduce a distributional calculus on members of CP(G), 0 < p < 2. See
O. O. Oyadare ([14] and [15])

This generalisation is analogous to the generalisation of characters of finite and
compact groups as functions on the groups to global characters on connected semi-
simple Lie groups as distributions in which J. G. Arthur ([1]), W. H. Barker ([2],
[3] and [4]) and O. O. Oyadare ([9] and [I1]) would prove very useful. However due
to the well-developed theory of 3(g¢)—finite K —finite functions and of cusp forms
on connected semi-simple Lie groups no calculus or special Fourier transforms is
needed in the construction of a basis for j(C') in the Schwartz algebras of focus
in the last section of this chapter.

We have seen how to express a primitive Ideal of an associative algebra, A, as
the kernel of some algebraically irreducible representation of A (¢f. (4.2.1)). Now
that we have the algebra A to be Fréchet, on which we have a topology induced
by its collection of seminorms, we may employ both algebraic and topological
irreducibility of a representation of A and make a comparison between them. In-
deed we have the following generalisation of (1.8) in J. Ludwig ([8], p. 18) which
is needed in the proof of the major result of this section.

3.8 Lemma. Every algebraically irreducible representation space of a quasi-
symmetric Fréchet algebra A is equivalent to a submodule of a topologically
irreducible representation space of A.

Proof. Since A is quasi-symmetric so also is the adjunction A := C1 & A, of
1 to A. Thus we may assume, without any loss of generality, that A and € have
identities. Now let o be as in (3.4) and let (7,V') be an algebraically irreducible
representation of A. We claim that ker(o) C ker(7)).

Indeed, if x € ker(c) and y € A, then the spectrum of yz in A is reduced
to {0}. Suppose on the contrary to the claim, that = € ker(o) does not imply
x € ker(T'), then Tz # 0; so that there exists 0 # v € V such that (Txz)v # 0;
and since T is simple, being algebraically irreducible, then we can find an element
y € A such that T'(y)(T'(z)v) = v. i.e., (T'(yx) — A-1)v = 0. This means that 1
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is in the spectrum of yx, a contradiction to the fact that the spectrum of yx is
reduced to {0}. Hence ker(c) C ker(T).

It then follows that there exists a proper maximal left Ideal M of A in which
ker(7') € M in which the simple module (7', V) is equivalent to the left-regular
representation of A on A/M. We note that the sum of C1 and o (M) is direct in €,
since otherwise 1 € M mod (ker o) which implies 1 € kero C (1) C M. i.e., 1 €
M, which is impossible (see C. E. Rickart, [20], Corollary 2.1.2).

Define M := o(C1 4+ M) (= C1 4 o(M) C €) and define a linear functional
¢ on M by the requirement that ¢(\ -1+ o(m)) = X for every A € C, m € M.
In other words for every x € M, which is of the form z = A -1 4+ m we define
p(o(x)) = A Now since z = A-14+m € M we have z — A -1 = m € M;
meaning that (r — A - 1) is non-invertible in A. i.e., A € speca(z), and by the
hypothesis of quasi-symmetricity on A, we conclude that A € Spece(o(x)). Thus
lo(o(x))| = |A| < sup{|u| : u € spece(o(z))} = ||lo(x)]|e (cf. Theorem 8 of F. F.
Bonsall and J. Duncan, [16], p. 23). Therefore

lpllop = sup = <
" lo(@)le

Hence by the Hahn-Banach theorem there exists a continuous extension, say ¢,
of ¢ to the whole of € of norm < 1. Since ¢(1) = 1 and [|@|lo, < 1, then ¢
is a positive linear functional for which ¢(o(C1 4+ M)) = @¢(M) = {0}. Since
M is maximal, we then have that ¢(o(M)) = {0} and we can deduce that
M ={y € A: ¢(c(y*y)) = 0} which, in particular, shows that M is closed.
(Indeed, every proper maximal Ideal is closed).

We therefore put a pre-Hilbert structure, (-,-) on A/M by setting

(x+ M,y+ M) :=p(o(y*x)).

Let H be the completion of A/M = (A/M,(-,-)), then the above left-regular
representation of A on A/M extends to a unitary representation 7w of A on H (cf.
J. Dixmier, [I7] (2.4.4)). Since we may assume that @ is a pure state (see R. V.
Kadison and J. R. Ringrose, [19], p. 213), we also know that 7 is topologically
irreducible (cf. R. V. Kadison and J. R. Ringrose, [19], (2.5)). O

It follows from the above result that a quasi-symmetric Fréchet algebra A has
sufficiently many algebraically irreducible (unitary) representations. This allows
the use (2.2.9) (i.) of C. E. Rickart, [20], to define members of Prim(A) which
leads to the discussion of the hull-minimal Ideals.

In order to then state the major result of this section we put the notion of (3.2)
in the proper form in which it is needed.

3.9 Definition. An involutive Fréchet algebra A is said to be polynomially
bounded if the set Ay of self-adjoint polynomially bounded elements of A is dense
in the real subspace A,, of hermitian elements of A.

We note here that an involutive Schwartz algebra is automatically a polyno-
mially bounded Fréchet algebra. In particular the family of algebras given in
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(3.4) as CP(G//K) is a family of polynomially bounded Fréchet algebras. We
now give a generalisation of (1.10) in J. Ludwig ([§], p. 81), to a semi-simple
quasi-symmetric polynomially bounded Fréchet algebra. This result is the first
major result of this section of the work. It assures us that there is a reasonable
framework for the study of the hull-minimal Ideals in a Fréchet algebra.

3.10 Theorem. Every semi-simple quasi-symmetric polynomially bounded
Fréchet algebra is hull-kernel regular.

Proof. Let A be a semi-simple quasi-symmetric polynomially bounded Fréchet
algebra, then by (3.8) for every J € Prim(A) (which is of the form J = kernel
of an algebraically irreducible representation of A) there exists a topologically
irreducible unitary representation (7;, H;) of A such that ker(w;) = J.

Now let C' be any closed subset of Prim(A) and fix J € Prim(A)\C we need
to show that there are as,b; € A in which

(i) by € () J'(= ker(C)), ay ¢ J, and
JeC
(ZZ) bJ gy = ayg.

Since C is closed there exists u € A such that

u € ker(C') (z ﬂ J')

J'eC

and u ¢ J. Equivalently, 7y (u*u) = 0 for every J' € C and 7 (u*u) # 0,

respectively. By unitarity of m; it is possible, after multiplying v := uv*u with

a positive constant, to have ||7;(v)|,, = 1. Clearly v € Aj, as v* = v. Also by

the continuity of the *-homomorphism ¢ (as in (3.4)) we have that there exist a

continuous seminorm p on A such that ||o(a)||e¢ < p(a), for all a« € A. Thus for

any unitary representation m of A we have ||7(a)||o, < |lo(a)|le < p(a), a € A.
As Ay is dense in A,, we can choose ag € Ay such that for

plag—v) <1/m, m=234 ...,
and real C'*°-functions ¢, such that 1 vanishes in a neighbourhood N, of

l—z, 3] , p=1on [1—i, 1—i—i} and ¢ - ¢ = p. If we now set by = ¥{ag}

m’ m m m

and a;y = p{ag}, we have, by the functional calculus on semi-simple A, that

v{ap} - plag} = plao}  (ef. (3.7)). i.e., by-ay; = ay, as required in (7i.) above.
To now verify (i.) we note that

|7y (ao)llop = |lms(ag —v)|op (since mp(v) =mp(u*u) =0, for every J' € C)
< plag —v)
1
S )
m

which shows clearly that 7 (ag) € Ny,. Thus
¥(my(a)) = 0. i.e., my(¢Y{ao}) =0
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implying that 75 (by) = 0. i.e., by € ker(wy) = J'. In short, b; € J' for each
J' eC.ie., bye m J' = ker(C), as required. Also
JeC
ms(ao)llop — 1 = [ll7s(ao)llop — l7.1(v)|op]
< |[[ms(a0) = 7s(v)[lop (by continuity of | - [|p)
= |[ms(a0 —v)llop < plag —v) < 1/m, m=2,3,4,...;
implying that
1= L < s (a0) oy < 14—
m m

i.e., o(ms(ag)) # 0. Thus
my(ay) = mr(p{ao}) = p(ms(ag)) # 0. i.e., ay ¢ ker(my) =J. O

3.11 Corollary. Let A be a semi-simple quasi-symmetric polynomially bounded
Fréchet algebra and let C' be a closed subset of Prim(A). Then the hull-minimal
Ideal, j(C), exists and is generated by the elements a;, J ¢ C.

Proof. The proof follows if we combine Lemma 3.11 with Theorem 2.3 con-
tained in U. N. Bassey and O. O. Oyadare ([5]) (or with Theorem 4.2.20 of O.
O. Oyadare [10],. O

Lemma 3.8, Theorem 3.10 and Corollary 3.11 hold in particular for the Harish-
Chandra-type algebras A = C?(G) studied in O. O. Oyadare ([12] and [13]).

The last result is an improvement on (1.10) of J. Ludwig [§] as afforded by the
general notion of quasi-symmetricity introduced in (4.3.5)(3.) above. We refer
to U. N. Bassey and O. O. Oyadare [5], as well as O. O. Oyadare [10], for the
explicit structure of the basis elements, a;, of (type-I) hull-minimal ideals in the
quasi-symmetric polynomially bounded Fréchet algebras, C?(G), of a (connected)
semi-simple G.

4. CONCLUSION

We have been able to give a generalization of the notion of a symmetric algebra
to that of a quasi-symmetric and establish the importance of this generalization by
showing that every semi-simple quasi-symmetric polynomially bounded Fréchet
algebra is still hull-kernel regular. An immediate application of our results is
to the Harish-Chandra Schwartz Fréchet algebras, CP(G), of a (connected) semi-
simple G.
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